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Abstract: Compensating attosecond chirp (atto-chirp) of broadband high-order harmonic 
pulses in the water window region (282 to 533 eV) is a major challenge, due to the lack of 
natural materials that exhibit negative group velocity dispersion and low loss. Analysis shows 
that the amount of dispersion of fully ionized hydrogen plasma with suitable density-length 
product is sufficient to compensate the chirp of attosecond pulses with center photon energy 
above 300 eV. This is confirmed by numerical simulations based on the Strong Field 
Approximation. 
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1. Introduction
High-order harmonic generation in gas media was first discovered near the end of 1980s, 
which leads to the demonstration of attosecond extreme ultraviolet (XUV) pulses [1,2]. The 
cutoff photon energy of the single atom high harmonic spectrum can be estimated by 
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where pI  is the ionization potential of the gas atom, in eV. 0I  and 0λ  are the peak intensity, 

in W/cm2, and center wavelength, in μm, of the driving laser [3,4]. It was shown 
experimentally in 2001 that the cutoff photon energy in the XUV region can be extended by 
driving high harmonic generation with long wavelength femtosecond lasers [5]. Phase-
matched high harmonic generation with mid-infrared lasers was first demonstrated in 2012 
[6]. Recently, high flux high harmonic spectra in the water window (282 to 533 eV) have 
been achieved by using lasers with 1.6 to 2 μm center wavelengths [7]. For generating 533 eV 
X-rays, i.e., the Oxygen K-edge, at the cutoff of high harmonics by interacting helium atoms
with laser pulses centered at 1.7 μm, the peak intensity of the infrared laser needs to be higher
than 146 10× W/cm2. 

It is well known that attosecond pulses from high harmonic generation are chirped. The 
signs of atto-chirp for short and long trajectories are different. However, only X-ray 
emissions from short trajectory can be phase matched on the propagation axis [8]. The atto-
chirp corresponding to the short trajectory is positive. The value at the center of the plateau 
region of the high harmonic spectrum may be estimated by Eq. (2) that is derived by using the 
semi-classical three-step model [9], 
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The unit of the chirp is as2, and the units of 0I  and 0λ  are the same as in (1). The chirp is 

1600 as2 when the 1.7 μm IR driving laser intensity is at 146 10× W/cm2. The atto-chirp slowly 
increases towards both ends of the spectrum. The effects of the driving laser wavelength on 
attosecond chirp have been previously investigated experimentally [10]. 
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The positive atto-chirp in the wavelength range below 300 eV can be compensated by the 
negative group delay dispersion (GDD) of thin foils or neutral gases [11]. Recently, isolated 
attosecond X-ray pulses around the Carbon K-edge (282 eV) has been characterized [12], 
where the atto-chirp is reduced by Sn thin films with 400 nm total thickness. It is, however, 
difficult to find proper materials that have sufficient dispersion above 300 eV. Chirped CrSc 
multilayer mirrors with GDD = -8000 as2 in the water window region have been designed, but 
the bandwidth is narrow (<30 eV) and the peak reflectivity is low (~1%) at 326 eV center 
photon energy [13]. The detuned zero-dispersion grating stretcher (two gratings and a 
telescope in the 4f configuration) is another scheme to introduce negative GDD. A single pass 
stretcher for 25 eV bandwidth XUV pulses at 73 eV has been designed where the spatial 
chirped is neglected [14]. For broadband X-ray pulses in the water window, it is challenging 
to achieve high throughput considering the limited diffraction efficiency of gratings in the 
282 to 533 eV region and the total reflectivity of the three extra mirrors added to the optical 
path (one for beam collimation and two for the telescope). With the aim of compensating atto-
chirp in the water window with low loss, we analyzed the GDD of plasma for soft X-rays. 

2. Dispersion of plasma in the soft X-ray region 
The index of refraction of fully ionized hydrogen plasma in the soft X-ray region is 
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where xω  and pω  are the angular frequencies of the X-ray and plasma respectively. The 

latter in determined by the number density of electrons eN , 
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where e and em  are the charge and mass of the electron respectively. 0ε is the permittivity of 

free space. Equations (3) and (4) are also valid for free protons except that the mass in (4) 
needs to be replaced by that of a proton. They indicate that the contribution to the index of 
refraction by the protons in the plasmas is three orders of magnitude smaller than that of 
electrons. 

For the plasma density considered here, xω >> pω , 
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The group velocity of plasma can be derived from the dispersion relation 2 2 2 2
x x pk cω ω= + , 
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where xk  is the propagation constant and c  is the speed of light in vacuum. The group 

velocity dispersion of the plasma is 
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which is negative. The group delay dispersion (GDD) of a plasma column with length pL  is 
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Apparently it is the electron density-length product that determines the GDD value. 
The particle number density of a standard gas at 1 atmosphere pressure and room 

temperature is 192.5 10× /cm3. When H2 molecules under such conditions are fully ionized, 
195 10eN = × /cm3. The GDD of such plasma with 10pL = cm is −559 as2 at 300xω = eV, 

which can be used to compensate the atto-chirp of the water window X-ray pulses generated 
by a 1.7 μm laser. The length of the plasma for compensating a 1600 as2 chirp at 365 eV is 
about 54 cm. The transmission of fully ionized hydrogen plasma with the required density-
length product is almost 100% for X-rays above 300 eV. Hydrogen or helium plasma are 
preferred to avoid absorption of X-rays by inner shells of atoms. 

3. Numerical simulations of chirp compensation
Numerical simulations based on the Strong Field Approximation of high harmonic generation
[15] have been performed to demonstrate feasibility of the atto-chirp compensation by the
dispersion of plasma. The dipole moment of a single helium atom in the time-domain was
calculated using the open-source code, HHGmax [16]. The dipole matrix element is
hydrogen-like and the ionization potential is 24.59 eV. The contribution from the long
trajectory is suppressed by properly setting the integration and window parameters in the
code. The pulsed external laser field has a Gaussian temporal profile, as shown in Fig. 1(a).
The FWHM duration, carrier envelope phase (CEP) and peak intensity are 6 fs, 5π/8 rad, and

147 10× W/cm2 respectively. The pulse duration and CEP values are chosen to demonstrate the 
generation of single isolated attosecond pulses with the amplitude gating [17]. 

The power spectrum in the 300 to 500 eV range are shown in Fig. 1 (b). The continuous-
like spectrum is the result of the single recollision of the freed electron with the parent ion in 
the quasi-single cycle laser field. The small fast modulations in the power spectrum are due to 
beating between the main pulse and a very week pre-pulse one half IR cycle ahead. The 
quadratic phase of the X-ray directly from the atom (without chirp compensation) reveals a 
positive chirp, as illustrated in Fig. 1(c). When the phase of a 54 cm long fully ionized plasma 
column with 195 10eN = × /cm3 electron density is added to the high harmonic phase, the chirp 

is significantly reduced, which can be seen by the close to flat total phase in Fig. 1(c). The 
chirp compensation is not perfect and the shape of the total phase curve suggests that the 
remaining phase errors are dominated by the 3rd order dispersion. The electron density-length 
product value was chosen to yield the shortest compressed X-ray pulse, which is consistent 
with the estimates in section 2. 
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Fig. 1. (a) Driving laser field. (b) Power spectrum of the X-ray pulse. (c) Phases of X-rays with 
and without chirp compensation by plasma dispersion. 

Without applying the chirp compensation, the electric field of the X-ray pulse 
corresponding to the spectrum above 300 eV is illustrated in Fig. 2 (a), which is far from 
transform limited. When the plasma phase is added, the X-ray pulse duration is significantly 
reduced as a result of the atto-chirp compensation by the plasma dispersion, as shown in Fig. 
2(b). The compressed X-ray pulse contains only two cycles, which is close to the transformed 
limited case, Fig. 2(c). The asymmetry of the waveform in Fig. 2(b) is due to the 
incompleteness of the chirp compensation. The slow decay of the trailing edge is caused by 
the third order phase error. 
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Fig. 2. Electric fields of the X-ray pulses. (a) Without chirp compensation. (b) With chirp 

compensation. (c) Transform-limited. The pulse durations, pτ , are the FWHM of the intensity

profiles. 

It is technically feasible to construct a plasma column that offers the required electron 
density-length product. Hydrogen plasma waveguides have been developed for accelerating 
electrons with the laser wakefield [18,19]. The plasma is formed by pulsed high voltage and 
high current discharges through a gas-filled capillary. The typical length of the plasma 
column is 1 to 10 cm and the electron number density varies from 1017 to 1019 cm3. The range 
of the diameter of the capillary is 0.1 to 1 mm. The repetition rate is limited by the capacity of 
the power supply and 1 kHz operation has been demonstrated [20]. 

The electron density-length product for chirp compensation in the water window is larger 
than that for electron acceleration, which requires more powerful discharge power supplies 
[21] or propagating the X-ray beam through multiple stages of plasma columns. Since guiding
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of the intense infrared laser beam is not required for attosecond chirp compensation, other 
discharge configurations may be considered. 

4. Summary 
It is shown that the group delay dispersion of fully ionized plasma columns with 1019 cm3 
electron density and tens of cm in length is sufficient to compensate attosecond chirp in the 
water window and produce few-cycle X-ray pulses. The compressed pulse duration 
approaches one atomic unit of time (24.2 as). It was predicted that when an electron is 
removed from multi-electron atoms or molecules, it takes about 50-as for other electrons to 
response [22]. Attosecond water window X-ray pulses achieved with chirp compensation may 
serve as probes to study such ultrafast electron dynamics in molecules that contains C, N and 
O atoms. Being negative definite, the plasma dispersion may also be used at other photon 
energy ranges. Since the GDD is inversely proportional to the cube of the X-ray photon 
energy, much larger electron density-length product is needed to compensate atto-chirp at the 
keV range. 
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