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Abstract: We use the polarization-sensitive, time-resolved Beam-Deflection technique to
measure the nonlinear refraction of air, exciting in both the near and mid-IR and probing in
the mid-IR. This gives us the first measurements for air using both excitation and probe in the
mid-IR, and we find no dispersion of the bound-electronic nonlinear refractive index, n2,el(λp;λe),
assuming, as has been shown earlier, that the nuclear rotational nonlinear refraction is nearly
dispersionless. From these data, we can model the pulsewidth dependence of the effective
nonlinear refractive index, n2,eff, i.e., as would be measured by a single beam. Interestingly, n2,eff
is maximized for a pulsewidth of approximately 0.5 ps. The position of this maximum is nearly
independent of pressure while its magnitude decreases with increasing pressure and temperature.
From the measurements and modeling, we predict the nonlinear refraction in the atmosphere at
different altitudes.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The existence of a transparency window in the Mid-IR [1] has raised considerable interest in
atmospheric propagation of short Mid-IR laser pulses. Propagation of high-power self-guided,
diffraction-resistant laser filaments in the atmosphere has attracted attention in remote sensing
and LIDAR [2–8]. The directional behavior of filaments, including their directional backscatter
makes them favorable for LIDAR applications [7]. In addition, Mid-IR filamentation in air can
be used to detect pollutants and aerosols [6]. Furthermore, high harmonic generation [9] and
broadband supercontinuum generation [5] are other applications of high-power short laser pulses
in the Mid-IR. All these applications necessitate knowledge of nonlinear refraction (NLR) of
air for Mid-IR spectral ranges. Most of the experimental studies on the nonlinear propagation
of short laser pulses in air have been done for the visible and near IR (NIR) ranges [10–12]
and information in the Mid-IR spectral range is limited. Additionally, most measurements have
used two beams of different wavelengths yielding the nondegenerate nonlinear refractive indices,
which are functions of the two wavelengths of the excitation and probe beams. An exception
is Pigeon et al. [13], who used degenerate four-wave mixing at a wavelength of 10 µm with
picosecond laser pulses to measure the nonlinear refractive index of air and air constituents. In
the experiments presented here, we also use excitation and probe beams of different frequencies;
however, we make the first measurement in the Mid-IR using nearly degenerate beams. This
allows us to make conclusions about the overall nonlinear refraction experienced by a single
beam.

For this case of only a single beam, we define the nonlinear index change as:

∆n = n2,eff I (1)

where n2,eff includes the nearly instantaneous response due to bound electrons (n2,el) a small and
ultrafast response due to molecular vibrations (n2,vib) and the molecular reorientational response
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(n2,rot), and I is the irradiance of the beam. It is expected that n2,el ≫ n2,vib for any pulsewidth
[14] and this is consistent with our initial calculations given in Sec. 6. Additionally, while
in principle the vibrational and bound-electronic contributions are distinguishable because the
relative polarization dependences are different [14], these angular differences are so small as
to make them experimentally indistinguishable (at least for errors of a few %), unless pulses
shorter than the vibrational period are used. So henceforth, we shall simply refer to the combined
bound-electronic and vibrational contributions as n2,el to be consistent with previous publications
[11,15–17].

In [13] n2,el and n2,rot could not be separately resolved because of the long pulse duration.
In a different 2-beam experiment, Zahedpour et. al., used single-shot supercontinuum spectral
interferometry (SSSI) [18] to measure the nonlinear phase shift of air constituents using a weak
visible supercontinuum probe with excitation in the Mid-IR [15,16]. In this paper, we use the
time-resolved and polarization-sensitive Beam-Deflection (BD) technique [17] to measure the
ultrafast n2,el of air, with different combinations of wavelengths including a near-degenerate
experiment in the Mid-IR. Our analysis assumes, as has been verified previously by others, a very
small dispersion of the reorientational response (<3% for either oxygen (O2) or nitrogen (N2)) in
this spectral range [15,19,20]. Therefore, we ignore this dispersion in this paper.

Under these assumptions, we observe no dispersion in n2,el, as can be expected for air whose
constituents all have resonant absorption in the UV, far from the wavelengths used in these
experiments [21]. The BD technique has several advantages over other techniques. In comparison
to the optical Kerr effect (OKE) [22] and degenerate four-wave mixing [23] techniques it does
not need a complicated optical heterodyne detection (OHD) system to measure the sign of
the nonlinear refractive index, and the experimental implementation is simpler with respect
to interferometric methods [18]. Being a 2-beam experiment, it is sensitive to the relative
polarization of the two inputs, which is advantageous since it allows separation of the bound-
electronic n2,el and the molecular reorientation effects based on symmetry. Additionally, the high
sensitivity of BD allows us to directly measure the nonlinear phase shift of air for both NIR and
Mid-IR excitation even though the signal varies as λ−1.

Using our measurements, including the nearly degenerate Mid-IR data, we have calculated the
pulsewidth dependence of the effective nonlinear refractive index encountered by a single beam
[24,25]. This is discussed in Section 5. Our results show that for very short pulse durations (≲
10 fs) the contribution of the rotational nonlinearity becomes negligible leaving only the ultrafast
n2,el. As the pulsewidth increases the reorientational contribution to NLR becomes important
and at considerably longer pulsewidths (≳ 4 ps, for air at 1 atm) it again becomes independent
of pulsewidth. This is true for a wide range of pressure and temperature. However, we find
a small maximum n2,eff for pulsewidths around 0.5 ps, which we attribute to the oscillatory
behavior of the reorientational response function. Interestingly, as we will show, the maximum
position remains near 0.5 ps [16], nearly independent of pressure and temperature, and thus
nearly independent of altitude.

2. Theory

Nonlinear refraction, NLR, in molecular gases originates from the combination of an almost
instantaneous bound-electronic response, a weak ultrafast vibrational Raman response (see
Sec. 6) and a non-instantaneous field-induced reorientational Raman response [10,14,18].
The contribution of vibrational responses has been regarded as negligible in prior studies
[10,11,15–18]. Shelton and Rice [12] estimate the steady state vibrational contribution to be
<3∼5% of the bound-electronic contribution. Because the vibrational periods for the major
constituents of air N2 and O2 are 14 fs for N2 and 21 fs for O2, for pulses longer than ∼50 fs
the vibrational effect is essentially instantaneous. Therefore, as described earlier, we use n2,el
to describe the combined bound-electronic and vibration contributions (see Sec. 6). Both N2
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and O2 have anisotropic polarizabilities. We define the anisotropic polarizability, ∆α, as the
difference in polarizabilities parallel and perpendicular to the molecular axis (∆α=α∥ – α⊥).
In contrast, Argon, which makes up ∼1% of the atmosphere, has ∆α= 0. An intense electric
field will induce a time-dependent torque on the randomly oriented molecules and will rotate the
largest polarizability axis toward the direction of the excitation polarization. This induces an
index change. By probing the index change with different polarization combinations at different
times we can measure the transient response of the NLR. The reorientational response is a
rotational Raman contribution to the NLR [26–28]. If the laser pulse is short compared to the
rotational periods, it excites all the allowed rotational Raman transitions simultaneously, which
are approximately equally spaced, subject to the selection rule ∆J =±2 with J the rotational
quantum number. As a result, molecules in different rotational states and rotating at different
rates will periodically rephase, producing periodic pulsations of the refractive index known as
reorientational revivals. After some time, the coherence between rotational levels decays because
of collisions between gas molecules and centrifugal distortion that causes the comb-like spacing
of Raman lines to become unequal, thus not continuing to add in phase, and consequently the
revivals are suppressed. Revivals can be calculated as the ensemble average of the degree of
alignment ⟨cos2θ(t)⟩, where θ(t) is measured with respect to the polarization of the excitation
beam. We can calculate ⟨cos2θ(t)⟩, and as a result calculate the refractive index change due to
the rotational Raman effect. The total nonlinear refraction at the probe wavelength λp due to the
excitation at λe is the ultrafast contribution plus the reorientational contribution,

∆ntotal(λp; λe, t) = 2n2,el(λp; λe)Ie(t) + ∆nrot(t) = ∆nel(t) + ∆nrot(t) (2)

where Ie(t) is the excitation beam irradiance and ∆nrot(t) is the change in the refractive index due
to the molecular response, which is assumed to be wavelength independent [26,29]. The factor of
2 in the ∆nel(t) in Eq. (2) is because of the interference of two beams doubling the phase change.
There is no factor of 2 in the rotational term since the nonlinearity cannot follow the rapidly
moving interference pattern in these nondegenerate experiments [30,31]. For a single beam
experiment the factor of 2 is absent. Unlike the bound-electronic response, the reorientational
response depends on the pulsewidth. The index change from the reorientational response due to
the excitation is given by:

∆nrot(t) = ∫
t
−∞ Rrot(t − t′)Ie(t′)dt′, (3)

where, Rrot(t) is the molecular reorientational response function [24]. We find from this relation
that for very short pulses, ∼10 fs or shorter, the effects from the molecular reorientational
contribution on n2,eff are negligible. However, for pulses longer than this, the contribution of
the non-instantaneous molecular reorientation response must be considered. We report the
dependence of the effective nonlinear refractive index, n2,eff , on the pulsewidth in Section 5.

Using the density matrix formalism, the reorientational response for each molecular component
can be calculated [18,26,29,32]:

∆n′
rot(t) =

N
2cε2

0n2
0
(∆α)2

∑︂
J

TJ ∫
t
−∞ Ie(t′) sin(ωJ,J−2(t − t′))e−ΓJ,J−2(t−t′)dt′ (4)

where N is the number density of molecules for each component of air, c the speed of light, ε0
is the permittivity, n0 the corresponding linear index which for all cases here is approximately
unity, ωJ,J−2 = 4πcB(2J − 1) is the corresponding rotational Raman frequency neglecting the
centrifugal distortion, B is the rotational constant and J the rotational quantum number. The
prime on ∆n′

rot indicates that it is for a single component of air. The total ∆nrot(t) is given
by summing over the weighted average of the air components. The decay of the revivals is
characterized by a dephasing rate, ΓJ,J−2, which depends on intermolecular collisions. This decay
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depends on pressure and is different for different J values. Values are given in Refs. [10,33]. In
Eq. (4) TJ is a weighting factor given by [10,26];

TJ =
2

15ℏ
J(J − 1)
2J − 1

(ρ
(0)
JJ − ρ

(0)
J−2,J−2). (5)

Here ℏ is the Planck constant and ρ(0)JJ is the initial occupation probability of the rotational
state J, which can be written as:

ρ
(0)
JJ =

gJe−
EJ

KBT∑︁
k gk(2k + 1)e−

Ek
KBT

(6)

where kB is the Boltzmann constant and gJ is the weighting factor based on nuclear spin statistics
for each molecule [34]. EJ = 2πcℏBJ(J + 1) is the rotational energy and T the temperature. For
N2 even J states have gJ = 2/3 and odd have gJ = 1/3, while for O2 even J states have gJ = 0
and odd J states gJ = 1 [34].

Using Eqs. (3) and (4), the response function Rrot(t) can be written as:

Rrot(t) = Θ(t)
N

2cε2
0n2

0
(∆α)2

∑︂∞

J=0
TJ sin(ωJ,J−2t)e−ΓJ,J−2t, (7)

where the Heaviside function (Θ(t)) ensures the response function obeys causality. Equation (7)
shows that the response function of the molecular reorientational contribution to the NLR depends
on ∆α2. This is very useful, since the amplitude of the rotational response depends on these
known values of ∆α. We can obtain a very simple relation allowing n2,el to be determined in
terms of ∆α [10] from Eqs. (2) and (4):

∆nel

∆nrot
∝

n2,el

∆α2 , (8)

thus, ∆α serves as a self-reference for measuring n2,el.
The final calculation that needs to be performed is a correlation of the probe pulse in time

with the convolution of Eq. (3) where Rrot is replaced by the overall causal response function
RTotal (bound electronic plus vibrational Raman, treated as a delta function, plus molecular
reorientational). This results in the index change temporally averaged over the probe pulse,

⟨∆n(τ)⟩ =
1

∫∞−∞ Ip(t)dt
∫
∞
−∞ dt Ip(t − τ) ∫∞−∞ RTotal(t − t′)Ie(t′)dt′ (9)

where Ip is the irradiance of the probe beam. It can be shown, most simply by taking Fourier
transforms [35], that this is equivalent to the convolution of RTotal with the cross-correlation of
the excitation and probe pulses [22,36]:

⟨∆n(τ)⟩ =
1

∫∞−∞ Ip(t)dt
∫
∞
−∞ dt RTotal(τ − t) ∫∞−∞ Ie(t′)Ip(t′ − t)dt′. (10)

In liquids and solids, group velocity mismatch, GVM, is important because the pulses walk
through each other within the sample [24]. In gases, exciting far from resonances, the GVM is
negligible.

3. Experiment

Using the BD technique in which we varied the time delay between and excitation and probe
beam, we previously separated the ultrafast and reorientational responses of NLR by exciting
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in the NIR and probing in the visible [10]. Using different methods, others have excited in
the near to Mid-IR and probed from the visible to near IR [15,16]. Here, we measure the
bound-electronic response in the Mid-IR. We performed three sets of measurements. For the first
two sets, we excited at 0.8 µm and probed at 2.4 µm and 3.3 µm. These results are complementary
to the measurements of [15,16], where the excitation beams were in the Mid-IR and the probe
was at 400–750 nm, since n2,el(λp; λe) can be shown to equal n2,el(λe; λp). For the third set of
measurements, we excited at 3.5 µm and probed at 2.5 µm. While a probe wavelength closer to
3.5 µm would have been desirable to measure the degenerate NLR, this nearly degenerate probe
allows spectral blocking of the scattered excitation beam at the probe detector.

We used a commercial Ti:Sapphire laser system (Coherent Legend Elite Duo HE+) to generate
0.8 µm with ∼40 fs (FWHM) pulsewidth at a 1 kHz repetition rate. We used part of this 0.8 µm
beam for the NIR excitation experiments. For Mid-IR excitation, we used the signal and idler
of an optical parametric amplifier (Light Conversion, HE-TOPAS) to generate 3.5 µm using a
non-collinear difference frequency generator (NDFG, Light Conversion). To generate probe
wavelengths at 2.4 µm and 2.5 µm, we used the idler of an optical parametric amplifier (Light
Conversion, TOPAS-Prime). Finally, for generation of the probe beam at 3.3 µm, we generated
the difference frequency of the signal and idler output of the TOPAS-Prime using a AgGaS2
crystal. Figure 1 shows the BD setup. The excitation beam creates an index gradient that deflects
the weak probe beam in the vertical direction on the quad-cell detector placed in the far field.
The beams cross in the horizontal plane and the probe is vertically displaced from the center
of the Gaussian excitation beam where it experiences the maximum irradiance gradient. In all
experiments, the excitation beam was focused to a spot size more than 3 times larger than that of
the probe. The energy difference between the top and bottom segments of the detector, when
normalized to the total transmitted probe energy (∆E/E), is directly proportional to the change of
refractive index [18]. In this experiment, we used a mercury cadmium telluride (MCT) quad-cell
detector custom-made by Infrared System Associates, Inc., to measure the deflection of the probe
in the Mid-IR.

Fig. 1. Beam-Deflection-experimental setup for measuring the deflection of the time-delayed
probe (red) due to excitation (blue) with probe displaced from the center of the excitation.
The photodetector gives the difference of the voltage on top and bottom halves of segments of
the quad cell detector, proportional to ∆E, and their sum, proportional to the total transmitted
energy, E.

A beam profiling camera, together with slit and knife edge scans, were used to measure
the spot sizes of excitation and probe beams for each set of measurements. The 0.8 µm and
3.5 µm excitation beams were focused to 240 µm and 250 µm HW1/e2M respectively. The
2.4 µm, 2.5 µm, and 3.3 µm probe beams were focused to 69 µm, 78 µm, and 75 µm HW1/e2M,
respectively. The pulsewidth of the 0.8 µm excitation pulse was measured using a GRENOUILLE
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[37] device as 69 fs (FWHM). The 2.4 µm and 3.3 µm pulsewidths were then measured to be 240
fs and 180 fs (FWHM) by cross-correlation with the 0.8 µm pulse using BD in fused silica. For
fitting the overall temporal response, it is the convolution of the full response function with the
cross-correlation of the excitation and probe pulses that is important [36], and not the individual
pulsewidths. For the ultrafast bound-electronic response, the response function is simply a delta
function (again this ignores the small vibrational Raman contribution - see Sec. 6); however,
for determining n2,el relative to ∆α values from Eq. (8), the molecular reorientational response
function is needed. We have performed the above-described integrals numerically, and this is
what is shown in the following plots of signal versus time delay (e.g., Figs. 2, 3 and 5). The cross
correlation of the 3.5 µm and 2.5 µm pulses was measured by BD in BaF2 as 330 fs, which was
corroborated by the BD measurements in air.

Fig. 2. (a) BD signal using 2.4 µm probe and 0.8 µm excitation in ambient air. Open
symbols are data and the solid lines are numerical fits for parallel (red), perpendicular
(green), and magic angle (blue) polarization combinations. Bottom figures show scans
around zero delay for parallel (b), perpendicular (c) and magic angle (d) polarizations with
their respective numerical fits. Solid lines are the corresponding numerical fits for each
polarization combination.

We note here that all of our measurements were performed at irradiance levels lower than the
threshold for white-light generation, which we observed at 0.8 µm to be ∼7.4 TW/cm2. We
therefore performed experiments at irradiances at least 0.8 TW/cm2 below this threshold. To
maintain a sufficiently high signal-to-noise ratio (SNR) we used a small angle (∼1.5◦) between
excitation and probe beams in order to increase the overlap and maximize the signal (∆E/E). We
also used synchronous detection, modulating the excitation beam at 285 Hz, and using a 3 ms
integration time, as well as repeating the experiments six times and averaging the results.

For excitation in the Mid-IR, the DFG output energy was insufficient to observe a strong BD
signal in ambient air, so we used a pressure cell to increase the molecular density and therefore
the SNR. We built a high-pressure chamber using c-axis sapphire windows that transmit Mid-IR
wavelengths. The windows were placed far enough from the beam foci to allow high-irradiance
in the interaction region without beam overlap at the windows, or producing WLC in the sapphire.
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Fig. 3. BD signal using 3.3 µm probe and 0.8 µm in ambient air for parallel (a), perpendicular
(b), and magic angle (c) polarization combinations. Solid lines are the corresponding
numerical fit for each polarization.

This allowed us to measure these nonlinearities with sufficient SNR to determine the nonlinear
response. To reduce the scattering of the excitation beam into the detector we used a larger angle
(∼3.5◦) between excitation and probe beams, which also reduced the signal.

4. Results and discussion

In Fig. 2 we show BD measurements using a 2.4 µm probe and 0.8 µm excitation beam in ambient
air. The energy used for the excitation beam was 412 µJ (6.2 TW/cm2). In order to fit the
experimental data we used literature values of the polarizability anisotropy, ∆α, for N2 and O2
[11,38] and thus determine the ultrafast n2,el(λp; λe) relative to the molecular anisotropy values.
The reorientational response for co- and cross-polarized excitation and probe results in index
changes of opposite sign. If the angle between excitation and probe polarizations is 54.7◦ (the
so-called magic angle), we obtain zero contribution from the reorientational response [24,39],
i.e., as many molecules are rotating toward the angle of polarization of the probe beam as are
rotating away. Consequently, we only see the ultrafast bound-electronic response. Figure 2 shows
the results for these three polarization combinations. Here we show a long scan including revivals
and a scan around zero delay with more points to get better quality fits for n2,el(λp; λe). Table 1,
shows the values used for all of the numerical fits at normal temperature and pressure conditions
(NTP, 20 °C, 1 atm) for rotational constant (B), centrifugal distortion (D) and number density (N)
of Nitrogen and Oxygen.

Table 1. Values used in the numerical fits for rotational constant (B), centrifugal distortion (D) and
number density (N) at NTP.

B (m−1) D (m−1) N (m−3)

Nitrogen 198.956 5.1 × 10−30 1.95 × 1025

Oxygen 143.77 5.9 × 10−30 0.525 × 1025

As we mentioned earlier, the dephasing rate Γ changes with pressure [33] and quantum number.
We used the values for ΓJ,J−2 given in Ref. [10]. In general, since it is only the response near zero
delay that is important for determining n2,el, the decay is unimportant; however, at the highest
pressure we used in the Mid-IR experiments the decay could be as fast as ∼1-2 ps. Including this
decay results in an ∼4% increase to the n2,el when extrapolated to 1 atm.

The results for a 3.3 µm probe and 0.8 µm excitation in ambient air using an excitation energy
of ∼ 420 µJ (6.3 TW/cm2) are shown in Fig. 3 for the three polarization combinations with their
respective numerical fits.
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There are two different symmetries involved with bound-electronic (isotropic) and reorienta-
tional responses. Any contribution from vibrations is too small to affect our measurements for
these pulsewidths. For the isotropic response, ∆nel

∥
= 3∆nel

⊥ while for a reorientational response
∆nrot

∥
= −2∆nrot

⊥ . Thus, given any two of the polarization combinations, we can calculate the
third [17,24]:

∆n(0◦) = ∆nel
∥
+ ∆nrot

∥

∆n(90◦) = 1
3∆nel

∥
− 1

2∆nrot
∥

∆n(54.7◦) = 5
9∆nel

∥
.

(11)

These relations serve as good checks on the data to ensure proper alignment, overlap and using
the correct polarization angles. Figure 4(a) shows the data for a 2.4 µm probe and a 0.8 µm
excitation for three polarization combinations in addition to the calculation of each combination
using the remaining two combinations. The fits shown in Fig. Figure 3 constrain the values of
n2,el(λp; λe) to follow Eq. (11). Thus the fit of n2,el(2.4 µm; 0.8 µm) = (10 ± 2) × 10−20 cm2/W
is the best overall fit to the three sets of data around zero delay.

Fig. 4. (a) BD signal versus temporal delay near zero delay using a 2.4 µm probe and 0.8 µm
excitation in ambient air for parallel (open red circle), perpendicular (open green triangle),
and magic angle (open blue square) using an excitation energy of 412 µJ. The accompanying
solid lines (parallel-red, perpendicular-green, and magic angle-blue) were each calculated
from the remaining two curves using Eq. (11) as a check on the data. (b) BD signal for
parallel polarization at 40.1 µJ excitation energy versus pressure (solid line is a linear fit).
The open square data was taken going from high to low pressure and the open circle was
taken going back again to high pressure.

We also verified that the nonlinear refractive index scales linearly with pressure (i.e. number
density of molecules) [33]. Figure 4(b) shows data looking at the normalized magnitude of the
maximum of the first BD peak in the co-polarized geometry shown in (a)as a function of pressure.
This maximum includes contributions from the ultrafast and reorientational nonlinearities.

Figure 5 shows the results of an all Mid-IR experiment, exciting with 75 µJ at 3.5 µm and
probing at 2.5 µm. We used ultra-zero grade (AI UZ300) dry air with 20-22% O2 and the
remainder N2 from Airgas Inc. at a pressure of 31.5 atm. Our results, after scaling to 1atm
pressure, agree with the ambient air data.

As we saw earlier, the polarization dependence of the BD signal allows separation of the
bound-electronic response from the molecular reorientation response, which depends on the
polarization anisotropy. However, relatively small variations in ∆α translate to significant changes
in the calculated value for n2,el(λp; λe), since the bound-electronic response is proportional to ∆α2
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Fig. 5. BD signal for pressurized air at 31.5 atm, exciting at 3.5 µm and probing at 2.5 µm
using parallel polarizations (a), perpendicular polarizations (b), and magic angle (c) with
their respective numerical fits shown by solid lines.

(Eq. (8)). We fit the data for n2,el(λp; λe) using the ∆α reported by both Bridge and Buckingham
[38] and Wahlstrand et al. [11].

The second hyperpolarizability (γ) and n2,el for a mixture of molecules is calculated by [10,12]:

γtotal =
∑︂

i
c2

i γi , n2,el =
∑︂

i
cini

2,el (12)

where ci is the percentage of species in the gaseous mixture. For example for air, using
N = 2.5 × 1019 cm−3 at NTP [40], ci for N2, O2, and Ar are 0.78, 0.21, and 0.01 respectively. In
Table 2 we show measured values of n2,el and γ using Eq. (12). Results at higher pressure are
scaled to 1 atm.

Table 2. Measured values of n2,el (λp;λe) (10−20 cm2/W) and γ (10−62 C4m4/J3) of air. All values are
scaled to 1 atm pressure.

λp(0.65), λe(0.8)c λp(2.4), λe(0.8) λp(SC), λe(2.4)d λp(3.3), λe(0.8) λp(2.5), λe(3.5)

n2,el(λp; λe)a 10± 2 10± 2 9.2± 1.4 10± 2 10± 2

γ(λp; λe)a 1.3± 0.3 1.3± 0.3 1.2± 0.2 1.3± 0.3 1.3± 0.3

n2,el(λp; λe)b 9.0± 2.0 9.0± 2.0 8.3± 1.3 9.0± 2.0 9.0± 2.0

γ(λp; λe)b 1.2± 0.2 1.2± 0.2 1.1± 0.2 1.2± 0.2 1.2± 0.2

avalue using the ∆α from [38]
bvalue using the ∆α from [11]
cvalue reported in [10]
dSC – supercontinuum (400-750 nm) from Ref. [16], as calculated from the weighted sum of the air constituents.

In our results we assume NLR due to the molecular reorientation contribution is dispersionless
[15,16]. Here as we see in Table 1, we observe no measurable dispersion of the bound-
electronic response within our experimental uncertainties. Also, note the agreement between
the measurements made with excitation and probe wavelengths switched in the second and third
columns which follows the symmetry relation n2,el(λp; λe) = n2,el(λe; λp).

There are reports of soliton formation in the 3.5 to 4.5 µm range from anomalous dispersion
caused by CO2 ro-vibrational resonances but these would require longer propagation lengths
than in our experiments [41,42].

5. Pulsewidth-dependent nonlinear refractive index of air

Knowing the response function Eq. (7), the effective nonlinear refractive index introduced in
Eq. (1) for a single beam experiment can be calculated from the response function as follows [24]:

n2,eff = n2,el +
∫∞−∞ I(t) ∫∞−∞ Rrot(t − t′)I(t′)dt′dt

∫∞−∞ I2(t) dt
. (13)
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We observe that Rrot(t) is wavelength independent and thus our results also show that n2,el is
wavelength-independent in the near to Mid-IR. Now, from the Rrot(t) shown in Fig. 6(a), we are
able to predict the pulsewidth dependence for this degenerate n2,eff as is shown in Fig. 6(b), using
the values of ∆α from [11,38].

Fig. 6. (a) Response function of air at NTP using Eq. (7) and the values of ∆α from Ref.
[38] (blue solid line) and Ref. [11] (light blue dashed line). (b) Prediction of the pulsewidth
dependence of n2,eff for air (blue), N2 (red), O2 (purple), and Ar (black) for their respective
partial pressures. Solid lines used ∆α from [38] dashed lines from [11]. The parameters
used are given in Table 1 and Table 2. (A-H) indicate measured experimental values of the
nonlinear refractive index from [11], [43], [44], [45], [46], [47], [16], and [48], respectively.

Somewhat surprisingly, the resulting curve shown in Fig. 6(b) does not monotonically increase
with pulsewidth but exhibits a maximum near ∼0.5 ps. This occurs because of the oscillatory
shape of the response function, turning negative at longer times. Since Eq. (13) involves a
convolution with this oscillatory response function, there are pulsewidths for which the negative
contribution lowers the effective nonlinear index.

We also calculated the pulsewidth dependence of the NLR for different pressures as shown in
Fig. 7. Both n2,el and ∆nrot scale linearly with density N and therefore with pressure P. However,
the dephasing rate ΓJ,J−2 also scales linearly with pressure [33] and changes the response function
Rrot(t), consequently altering the contribution of ∆nrot to n2,eff . In this analysis we used a different
ΓJ,J−2 for each J state as given in Ref. [10] and assumed each gamma scaled linearly with
pressure [33]. Figure 7 shows n2,eff for air, N2, and O2 normalized such that the bound-electronic
responses are the same as at 1 atm. Argon is also included in the sum to give the NLR of air, but
is pulsewidth independent since there is no rotational contribution, i.e., ∆α=0. Our results show
that for a pressure variation from ∼0 atm to 1 atm there is no perceivable change in shape of
the scaled n2,eff (see Fig. 7 black solid line and green dashed line). As the pressure is increased
further to 35 atm (blue dashed line) and 70 atm (red dotted line) the peak shifts to slightly
longer pulsewidths and is suppressed. Our previous studies of the pulsewidth dependence of
the nonlinear refraction of a wide variety of molecular liquids [24,25], all showed qualitatively
similar curves without a peak, consistent with the trend predicted here.

We can also analyze the effects of temperature on the rotational contribution as shown in Fig. 8.
For extremely low temperatures only the lowest rotational state is initially occupied, meaning a
single Raman transition is possible, and the rotational response function of each molecular species
is a damped sine wave (∝ sin(ωj,j−2(t))e−ΓJ,J−2 t) according to Eq. (7) (where here, ωj,j−2 is the
lowest possible frequency for that species which equals 4πcB). As the temperature is increased,
more Raman transitions are possible adding sinusoidal functions of multiples of 4πcB with the
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Fig. 7. Pulsewidth dependence of the n2,eff normalized to the n2,el at 1 atm for air and its
primary constituents. We show a pressure variation from ∼0 atm (black solid line) to 70 atm
(red dotted line). The green dashed line corresponds to 1 atm overlapping the black curve for
∼0 atm, and the dashed blue line corresponds to 35 atm. All the curves were calculated using
the values for ∆α measured by Bridge et al. [38] and n2,el = 10 × 10−20 cm2/W at NTP.

phase set at time zero by the excitation to add coherently. The weighting factors TJ (see Eq. (5))
combine to keep the initial rise, i.e. slope, of the response from t=0 the same, independent of
temperature This is somewhat surprising given the significant changes in weighting factors with
temperature; however, for later times the maximum and later oscillations are clearly reduced for
higher temperature as expected. Interference of the additional frequencies creates a series of
pulses, i.e., revivals, that occur with a period of 1/8cB. These pulses, including the initial pulse
near t=0, become shorter as higher frequency Raman transitions are added. This is in analogy to
how a modelocked pulse is created except here it has both positive and negative components
like the electric field of a modelocked pulse – see Eq. (7). Looking at just the initial response
near t=0, at high temperature the addition of sine waves leads to an initial rise to a peak followed
by a small negative going peak (note that in contrast to a modelocked pulse, here at time zero,
the response is zero, i.e. sine versus cosine). As the temperature is raised from below room
temperature to above (see insets of Fig. 8), the increased sum leads to a decrease of both the
positive and negative going peaks. In addition, both the initial peak and negative portion move to
slightly shorter times as higher frequency Raman terms in the sum are added.

In Fig. 8 we looked at two scenarios; (a) constant N and (b) constant pressure P. When N
is constant, as T increases (and thus P also increases) the reorientational response decreases
because of the increased collision rate, although this is a relatively small effect. However, at
constant P, as T increases (and thus N decreases) both the bound-electronic response and the
reorientational response decrease, which results in a much larger overall change to n2,eff .

Finally, we analyzed the change of n2,eff for different altitudes in Earth’s atmosphere as shown
in Fig. 9: sea level, troposphere (10 km altitude), lower stratosphere (20 km altitude), and upper
stratosphere (30 km altitude). This prediction is based on the NASA earth atmospheric model
[49]. We note that this includes the effects of different temperatures, number densities, and
pressures. Changes to the relative concentrations of the primary air constituents for these altitudes
are sufficiently small to be inconsequential. Here, sea level corresponds to the NTP conditions.

The changes in n2,eff between different altitudes, plotted on a log-scale in Fig. 9(a), is dominated
by differences in the number density. However, when normalized to n2,el at sea level, plotted on a
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Fig. 8. Effects of temperature changes on n2,eff , (a) keeping the number density constant at
N = 2.5 × 1025 m−3 and (b) keeping the pressure constant at P = 1 atm. The insets show
the corresponding response functions.

Fig. 9. (a) n2,eff of air at sea level (NTP) in blue dash line (0 km altitude, P = 1 atm, T =
293 K, N = 2.5 × 1025 m−3), troposphere in green dotted line (10 km altitude, P = 0.26 atm,
T = 223 K, N = 0.86 × 1025 m−3), lower stratosphere in orange dash dotted line (20 km
altitude, P = 0.05 atm, T = 216.7 K, N = 0.18 × 1025 m−3) and upper stratosphere in red
solid line (30 km altitude, P = 0.015 atm, T = 232 K, N = 0.04 × 1025 m−3) [49]. (b) n2,eff
normalized to the n2,el at sea level. The inset shows the response function (not normalized)
for each case and a zoom-in for upper stratosphere response function.

linear-scale in Fig. 9(b), it can be seen that the peaks remain a nearly constant fraction of the n2,eff
in the long-pulsewidth limit, at ∼8%, although the peak moves to slightly shorter pulsewidths
at higher altitudes. The relative contribution of the rotational nonlinear response increases for
higher altitudes due to the lowered temperature and pressure.

6. Effect of the vibrational Raman response

As mentioned earlier, in this paper we have ignored the effects of vibrational Raman. This is
justified for pulses longer than ∼50 fs since these vibrational Raman transitions are not excited by
pulses much longer than the lowest order vibrational transitions of ∼1/14 fs for N2 (Raman shift
of 2330 cm−1) and 1/22 fs for O2 (Raman shift of 1556 cm−1) [14]. However, pulses shorter than
this excite the vibrational Raman transitions and alter the overall response function, which is the
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simple sum of the rotational and vibrational components. Zheltikov [50] gives a prescription
for calculating this response function and we have included vibrational Raman in our numerical
code. At temperatures encountered in the atmosphere, only the ground state is occupied and the
selection rules only couple the lowest vibrational states. Using values approximated from Ref.
[50] we plot the expected vibrational Raman contribution from air (O2 plus N2) in Fig. 10.

Fig. 10. Vibrational contribution to the n2,eff at NTP based on [50].

These estimated contributions are not significant within our errors. At NTP conditions, this
corresponds to ∼3% of the bound electronic response for pulses greater than ∼10 fs. This is
consistent with estimates from [14], and justifies its neglect in multiple previous publications
[10,11,13,15,16,44,45,47,48]. Future measurements using extremely short pulses, <10 fs, are
needed to confirm our estimates.

7. Conclusions

The NLR of simple molecular gases originates from an almost instantaneous bound-electronic
response, a small and ultrafast response due to molecular vibrations, which we ignore and a
non-instantaneous reorientational response. As described in Sec. 6 and elsewhere in this paper,
we have justified ignoring the small vibrational Raman contribution. The reorientational response,
unlike the bound-electronic response, is dependent on the pulsewidth. By using the density
matrix formalism, we can determine the reorientational response which, when added to the
bound-electronic response, gives the total NLR and thus the effective nonlinear refractive index,
n2,eff .

Using the polarization sensitive, time-resolved Beam-Deflection technique we performed
several sets of measurements by exciting in the NIR and Mid-IR and probing in the Mid-IR
to determine the nonlinear refraction in air. Since the bound-electronic and reorientational
responses have different symmetries, these effects can be separated using different combinations
of excitation and probe polarizations. For this reason we performed different measurements for



Research Article Vol. 29, No. 7 / 29 March 2021 / Optics Express 10876

co-polarized, cross-polarized and magic-angle polarizations. The latter polarization sees no
contribution from the reorientational response enabling us to find an unambiguous value for the
bound-electronic NLR. However, we again point out that we have ignored the vibrational Raman
contribution that is predicted to be very small, only reaching appreciable values of ∼3% of the
bound-electronic contribution for pulsewidths ≳ 5 fs.

With the assumption of no dispersion of the molecular reorientational nonlinear response
[15,16], we obtain measurements of the nondegenerate bound-electronic nonlinear refractive
index, n2,el(λp; λe). Previous work has reported nondegenerate measurements with excitation in
the visible to Mid-IR with probes in the visible to near-IR [10,15,16,51,52]; however, to our
knowledge, there are no previous measurements of near degenerate values in the Mid-IR. This
may be due to SNR/sensitivity issues, as measurement sensitivity scales as λ−1. This scaling is
also true for Beam Deflection [17], but the sensitivity of BD is high, and combining this with
the use of high pressure and our custom-built MCT quad cell gives sufficient SNR for these
measurements with both excitation and probe in the Mid-IR. Using the MCT detector and the BD
technique we were able to obtain a SNR of unity for an optical path length change of λ/27, 000
(replace λ by 2π for phase shift) for our (2.4 µm; 0.8 µm) measurements and λ/10, 000 for our
(2.5 µm; 3.5 µm) measurements.

Our experimental results together with our previous measurements using NIR excitation and
visible probe [10] along with other literature data [11,15,16], show no measurable dispersion
of the bound-electronic response. The nondegenerate n2,el(λp; λe) is connected to 2-photon
absorption (2PA) via Kramers-Kronig relations in a way similar to how linear refraction is related
to linear absorption [21,53], as has been demonstrated experimentally in a number of solids
[53–55]. Similarly, the dispersion in gases should follow the same rules. Since the electronic
resonances of all the major constituents of air are in the ultraviolet, the dispersion of n2,el(λp; λe)

in the near to Mid-IR is expected to be quite small, as these measurements confirm.
In this paper we also present a prediction using Eq. (13) for the effective NLR in air as well

as oxygen and nitrogen for different pulsewidths. Since we see no dispersion in the nonlinear
refraction, we can determine the pulsewidth, temperature and pressure dependence for all
wavelengths in the near to Mid-IR. Our calculations show that the effective NLR is nearly
pulsewidth independent for pulsewidths less than ∼10 fs. For increasing pulsewidths the effective
NLR increases to a maximum at around ∼0.5 ps. After a small downturn, further increases in
pulsewidth have no effect, i.e., a pulsewidth-independent NLR. We attribute the unusual shape
of n2,eff around 0.5 ps pulsewidth to the oscillatory shape of the response function. The effect
of increasing the pressure of the gas on n2,eff is to suppress the small maximum around 0.5 ps,
which is consistent with our observations in liquids which show no peak [24,25]. Lowering
the temperature results in an increased rotational contribution to n2,eff with a more pronounced
peak. We also make the technologically important predictions of the nonlinear response of air at
different altitudes and temperatures. Below 1 atm, n2,eff is linearly dependent on pressure with
no change in the shape of the pulsewidth dependence, although the shape is still temperature
dependent.
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