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Abstract: A prescription for determining the nondegenerate three-photon absorption spectrum
of zinc-blende semiconductors is presented. Theoretical calculations based on third-order
perturbation theory and Kane’s band structure provide the nondegenerate three-photon absorption
coefficient for any combination of photon energies and polarizations. The enhancement over three
orders of magnitude is predicted when using extremely nondegenerate photon energies, which
is greater than that predicted with two-photon absorption. A large polarization dependence is
predicted for excite-probe measurements (two photons absorbed from the excitation and one from
the probe), with variation between parallel and perpendicular polarizations of up to a factor of 10
with a significant spectral dependence. Experimental measurements on zinc-blende GaAs and
ZnSe show excellent agreement with the predicted spectral shape, nondegenerate enhancement,
and polarization dependence. In addition, wurtzite CdS also shows a large enhancement over the
degenerate case.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Nonlinear absorption limits the maximum usable irradiance in photonic devices, which imposes
limitations on both linear and nonlinear optical applications and can lead to damage [1]. In
semiconductors, three-photon absorption (3PA) is the dominant nonlinear absorption process for
photon energies between one third and half the bandgap energy, where two-photon absorption
(2PA) does not occur. 3PA has been shown to be a limiting factor for many applications and
devices, including all-optical switching [2–4], mid-infrared supercontinuum generation [5–7],
slow-light in photonic crystal waveguides [8,9], impact on THz generation [10–12], and heralded
single-photon sources [13]. Although often considered an adverse effect, 3PA has also found
applications in optical limiting [14], frequency-upconversion [15], and biomedical imaging [16].
Motivated by its broad impact, there has been theoretical and experimental work characterizing
3PA in a number of materials [17–19], particularly semiconductors [20–27], yet 3PA remains
much less studied than 2PA. Work reported thus far has largely considered the degenerate case,
where all three absorbed photons have the same energy, and typically come from a single beam.
Nondegenerate 3PA (ND-3PA), where the energies of the three absorbed photons are different,
may be important in devices where multiple beams at different frequencies interact, such as
Raman amplifiers [28], semiconductor based optical parametric devices [29–33], supercontinuum
and frequency comb sources [5], and two-photon gain in semiconductors [34].

Nondegenerate nonlinear absorption can vary drastically from its degenerate counterpart. For
example, in direct-gap semiconductors the 2PA coefficient, α2, is enhanced by over two orders
of magnitude for extremely nondegenerate photon pairs (e.g., a photon energy ratio of ∼10 in a
excite-probe experiment) [35–38]. Similar effects have been observed in nondegenerate nonlinear
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refraction [39]. The enhancement has led to sensitive gated detection of mid-infrared pulses
[40] and CW beams [41,42] using uncooled PIN photodiodes, 3D mid-IR imaging [43], infrared
chemical imaging [44], as well as the demonstration of nondegenerate two-photon gain and the
proposal for its use in two-photon semiconductor lasers [34,36,45–47]. The increase in α2 arises
from two sources: (1) intermediate state resonance enhancement (ISRE) of the small photon
energy with the zero energy intraband (self) transition and the large photon energy with the
interband transition, and (2) the inverse frequency dependence of the interaction Hamiltonian.
This 2PA enhancement was first theoretically predicted using a simple two-parabolic-band model
[35], and later [38] with the more accurate eight-band model of Kane [48], which is applicable to
direct gap zinc-blende semiconductors and takes into account spin degeneracy. These calculations
yielded very similar results [38]. We previously applied Kane’s model to degenerate 3PA (D-3PA)
[22,27,49], showing the importance of quantum interference between the many pathways in the
resulting 3PA spectrum, which is not captured in two-band models [20,21]. Additionally, Kane’s
model provides the dependence of multiphoton absorption on the relative polarization of the
interacting waves which is much more important for 3PA than for 2PA [38].

To examine ND-3PA, we extend our analysis to the nondegenerate case where one photon has a
different energy than the other two in anticipation of excite-probe experiments where the excitation
is much stronger than the probe. Enhancement of ND-3PA might be expected to be even greater
than that of ND-2PA, since the additional photon requires an additional intermediate state that
may be utilized for ISRE as well as an increase in the number of transition matrix elements. We
present theoretical calculations using Kane’s model and experimental excite-probe measurements
of the spectra and polarization dependence of ND-3PA of two zinc-blende semiconductors,
GaAs and ZnSe, and wurtzite CdS. We find significant enhancement of 3PA for extremely
nondegenerate photon pairs, which can exceed that of ND-2PA by over an order of magnitude.

2. Theory

The evolution of two beams, of irradiance Ia and Ib, interacting in a material exhibiting only 3PA,
i.e., no linear or two-photon absorption, (in the thin sample [50,51] and slowly-varying envelope
approximations [52]) follow

∂Ia

∂z
= −α3(ωa;ωa,ωa)I3

a − 3α3(ωa;ωb,ωb)I2
b Ia − 6α3(ωa;ωa,ωb)IbI2

a (1)

∂Ib

∂z
= −α3(ωb;ωb,ωb)I3

b − 3α3(ωb;ωa,ωa)I2
a Ib − 6α3(ωb;ωb,ωa)IaI2

b (2)

where α3(ωp; ωq, ωr) is the 3PA coefficient. In this notation, the frequency arguments indicate
loss at irradiance at frequencyωp due to the presence of light at frequenciesωq andωr. In general,
the frequencies of each of the three absorbed photons may be different, meaning α3(ωp; ωq, ωr)
has a three-dimensional spectrum. The analysis here is restricted to the case where two of the
three photons are at the same frequency as is experimentally accessible by two-beam excite-probe
techniques. The six terms in Eqs. (1) and (2) correspond to four different 3PA processes. The
first term in each equation is self-induced 3PA, where three photons are absorbed from a single
beam, which can be measured by single beam techniques such as Z-scan [22–25,49,50]. The four
remaining terms describe the interaction of two beams, which may have different frequencies and
polarizations, and may be measured experimentally by excite-probe techniques [53]. The second
term in Eq. (1) corresponds to the absorption of one photon from a beam at ωa, and two from
beam at ωb. This process also gives the third term in Eq. (2), which has a prefactor twice as large
(6 vs. 3), since twice as many photons are lost from the beam at ωb than at ωa. The factors of 3
and 6 in the second and third terms, respectively, result from interference of the beams [54–56]
and is required to ensure that both α3(ωa; ωb, ωb) and α3(ωa; ωa, ωb) → α3(ωa; ωa, ωa) as
ωb → ωa. This means the results of single beam experiments, such as Z-scan, and two-beam
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experiments, such as degenerate pump-probe, will agree. The terms containing α3(ωa; ωb, ωb)
and α3(ωb; ωb, ωa) originate from the same physical process, i.e., absorption of two photons at
ωb and one at ωa, and are related by α3(ωa; ωb, ωb)/α3(ωb; ωb, ωa)=ωa/ωb.

From the electronic structure of a material, the absorption coefficient can be derived via Fermi’s
golden rule, which may be applied to one-, two-, and three-photon absorption [22,38,57,58].
This method has previously been used to calculate the 2PA and 3PA spectra of semiconductors
[20–22,27,35,38], semiconductor quantum wells [59], as well as of other materials [60,61].
Looking at the case of absorbing two photons of energy -hωb and one of energy -hωa, in anticipation
of excite-probe experiments, the rate (per unit volume V) R3 of 3PA is given by

Rabb
3 =

2π
Vℏ

∑︂
i,f

|︁|︁|︁|︁|︁|︁∑︂j,l

⟨︁
ψf |Ĥa |ψl

⟩︁ ⟨︁
ψl |Ĥb |ψj

⟩︁ ⟨︁
ψj |Ĥb |ψi

⟩︁
(Eli − 2ℏωb)(Eji − ℏωb)

+

⟨︁
ψf |Ĥb |ψl

⟩︁ ⟨︁
ψl |Ĥa |ψj

⟩︁ ⟨︁
ψj |Ĥb |ψi

⟩︁
(Eli − ℏωa − ℏωb)(Eji − ℏωb)

+

⟨︁
ψf |Ĥb |ψl

⟩︁ ⟨︁
ψl |Ĥb |ψj

⟩︁ ⟨︁
ψj |Ĥa |ψi

⟩︁
(Eli − ℏωb − ℏωa)(Eji − ℏωa)

|2δ(Efi − ℏωa − 2ℏωb)

(3)

where the Enm are the differences in energy between eigenstates |ψn⟩ and |ψm⟩, and the Dirac
delta function δ ensures conservation of energy. The summations are carried out over all possible
initial states, i, final states, f, and intermediate states, j and l. This includes the case when the
intermediate states j and l are the same as either i or f, since the wave functions, in general, may
have mixed parity. The intermediate states j and l affect the energy denominators. For example,
when j= l= i, Eji = Eli = 0, and as -hωb → 0 (while maintaining Efi = -hωa + 2-hωb) the first two
terms in the summation diverge, resulting in a large enhancement in the 3PA transition rate. This
effect is ISRE, and has been extensively studied for 2PA in semiconductors [35,36,38,40], organic
molecules [62–65], and other materials [66]. This transition rate corresponds to the second term
in Eq. (1), from which the 3PA coefficient can be expressed as

α3(ωa;ωb,ωb) =
ℏωaRabb

3

3I2
b Ia

(4)

Calculation of the ND-3PA spectrum may then be performed provided knowledge of the
material’s eigenstates and their energies. For this purpose, we use the band structure developed
by Kane [48] based on k·p theory including the spin-orbit interaction. The model provides the
energies and wave functions for four (spin degenerate) bands, three valence bands, heavy-hole
(hh), light-hole (lh), and split-off (so), and one conduction band (cb) (see Fig. 1), and allows the
momentum matrix elements coupling the bands to be calculated straightforwardly [22,38,48,49].
The matrix elements are given from the optical interaction Hamiltonians by (neglecting the A2

term where A is the vector potential, see Supplement A Eq. S.14) [57]⟨︁
ψl |Ĥa |ψj

⟩︁
= i

eP
2ℏωa

√︃
2Ia

ε0nac
M(a)

lj (5)

where P= -h(Ep/2m0)1/2
, given the Kane energy parameter Ep, and

M(a)
lj =

ℏ
m0P

â ·
⟨︁
ψl |p|ψj

⟩︁
(6)

are scaled momentum matrix elements, where â is the unit vector of the field at ωa, and p is the
momentum operator [38] (see Supplement A, Tables S1 and S2). While all of the bands are
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spin degenerate, the optical coupling depends on the relative spin, which we label α and β. A
summary of Kane’s band structure can be found in Supplement A. For further information see
[38,48,67]. This allows simplification of the summations over the states in Eq. (3) to a summation
over the bands and an integral over the states within each band at resonance. Furthermore, the
bands are spherically symmetric in k-space as the energies only depend on |k|, making integration
in spherical coordinates convenient. This method has certain limitations as it does not allow
determination of anisotropy of 3PA which requires the inclusion of more bands. The resulting
expression for the ND-3PA coefficient is Eq. (7) (see Supplement A for derivation of parameters).

α3(ωa;ωb,ωb) =
K3E3

p

nan2
bℏωa(ℏωb)

4∫∫ ∑︂
i,f

|︁|︁|︁|︁|︁|︁∑︂j,l

M(a)
fl M(b)

lj M(b)
ij

(Eli − 2ℏωb)(Eji − ℏωb)

+
M(b)

fl M(a)
lj M(b)

ij

(Eli − ℏωa − ℏωb)(Eji − ℏωb)

+
M(b)

fl M(b)
lj M(a)

ij

(Eli − ℏωb − ℏωa)(Eji − ℏωa)

|︁|︁|︁|︁|︁|︁
2

kr|︁|︁|︁ ∂Efi
∂k

|︁|︁|︁
k=kr

sin(θ)dθdϕ

(7)

where nq are the (linear) refractive indices at ωq, kr is the electron wave number at resonance,
i.e., where Efi(kr)= -hωa + 2-hωb, and

K3 =
1
3

e6ℏ2
√

2π2ε3
0c3m3/2

0

≈ 2.158 × 10−132J11/2m3/W2 ≈ 5.108 × 10−17eV11/2cm3/GW2 (8)

 

Fig. 1. Three photon absorption in zinc -blend semiconductors. Kane’s band structure
with one conduction band (cb), and three valence bands; heavy-hole (hh), light-hole (lh),
and split-off (so) bands. (a) Colored arrows represent examples of three different quantum
pathways for 3PA, from the light-hole band to conduction band (red: lh → lh → cb → cb,
blue: lh → cb → lh → cb, and green: lh → so → cb → cb). (b) Comparison of photon
energies (arrows) for degenerate (yellow) and extremely nondegenerate (red and blue).
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In anticipation of excite-probe experiments where the excitation irradiance is much larger than
that of the probe, and for the case of very nondegenerate frequencies so that the energy of the
excitation photons is much less than the energy of the probe photons, Eq. (7), where the subscript
a indicates the probe (p) and subscript b indicates the excitation (e), Eqs. (1) and 2 collapse to:

∂Ip

∂z
= −3α3(ωp;ωe,ωe)I2

e Ip (9)

Losses from other terms will be assumed negligible and degenerate 3PA of the excitation will
not be energetically allowed.

 

Fig. 2. Comparison of nondegenerate enhancement mechanisms for 3PA and 2PA. (a)
Enhancement of (solid) 3PA and (dashed) 2PA arising from (a) (red) inverse frequency
dependence of interaction Hamiltonian (Eq. (7)) and (blue) intermediate state resonance
enhancement for one pathway |l⟩ = |j⟩ = |i⟩ (with Eli = Eji = 0). In both 2PA and 3PA, the
enhancement is dominated by the frequency dependence of the interaction, contributing
about twice as much as ISRE at -hωp/-hωe = 10. (b) The total enhancement is given by the
product of the two mechanisms, which is well over an order of magnitude larger for 3PA
(solid green) than for 2PA (dashed green) at -hωp/-hωe = 10.

It is worth examining Eq. (7) to discuss the physical origin of the enhancement when using
extremely nondegenerate photon pairs. We can see two distinct effects that cause enhancement:
(1) intermediate state resonance enhancement (ISRE), and (2) the inverse frequency dependence
of the coupling matrix elements. Regarding effect (1); the resonance denominators within the
summation over all intermediate states contribute to the enhancement when the sum of one or two
photons is near the energy difference between the initial and one of the intermediate states. This
effect may be thought of as follows: approaching resonance increases the time-energy uncertainty
limited virtual-state lifetime allowing a longer time window for another photon to interact,
thus increasing the total absorption probability. The three terms in Eq. (7), before squaring,
contribute scalings of ω–2, ω–1, and ω0 respectively. These terms then interfere upon squaring
to give scaling from ω–4 to ω0. Effect (2) is distinct, originating from the ω–1 dependence of
the interaction Hamiltonian, and results in the (-hωp-hωe

4)–1 factor in Eq. (7) giving an overall
maximum scaling of ω–5 (see Eqs. (7) and SI). This effect is independent of the intermediate
states used in the transition, as it depends only on the frequencies of the photons themselves. The
enhancement from the interaction Hamiltonian (2) is actually greater than that of ISRE (1). The
combination of these two enhancement effects yields a total scaling of α3 of from ω–9 to ω–5. In
the nondegenerate case, we cannot take full advantage of this since we require ωp + 2ωe ≥ Eg so
that both frequencies cannot be small. Figure 2 shows the enhancement factor from each effect for
both 2PA and 3PA where we have assumed the ω–9 scaling dominates all other terms in Eq. (7)
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[38], for one pathway |l⟩ = |j⟩ = |i⟩ (with Eli = Eji = 0). We see the greatest enhancement comes
from the frequency dependence of the interaction rather than ISRE, which is true for both 3PA
and 2PA. Also shown is the total enhancement, given by the product of the two contributions. At
a -hωp/-hωe = 10, 2PA is enhanced by ∼150×, while 3PA is enhanced by ∼4200×. The actual 3PA
coefficient enhancement is expected to be less than this, since it results from a weighted average
over all possible pathways which interfere resulting in the overall enhancement. Regardless, the
additional photon utilized in the 3PA process results in both another intermediate state, which
may provide resonance enhancement, as well as an additional prefactor of -hωe

–2, resulting in a
greater enhancement of ND-3PA than of ND-2PA [36].

3. Calculation results

The ND-3PA spectrum can be calculated for any direct-gap zinc-blende semiconductor given
only three energy parameters—the bandgap energy Eg, split-off energy ∆, and the Kane energy,
Ep, as well as the refractive index (see Table 1). Calculations are performed in the following
manner. For each transition energy Efi, the corresponding value of kr is determined from the band
structure, and the coefficients of the corresponding wave functions are found (see Supplement
A). The momentum matrix elements coupling each state are then calculated from [38] (see
Supplement A, Tables S1 and S2), and the ND-3PA coefficient is calculated via Eq. (7).

Table 1. Semiconductor properties used for ND-3PA calculations. The full
dispersion of n(ω) is used for the calculation, a numerical value listed is at

-hω =Eg /3 is provided for reference.

Material Eg (eV) ∆ (eV) Ep (eV) n(ω)

GaAs 1.424 [68,69] 0.34 [68,69] 28.9 [70] 3.32 [71]

ZnSe 2.67 [72] 0.42 [73] 24.2 [74] 2.45 [75]

CdS 2.42 [76] 0.56 [76] 21.0 [74] 2.26 [77]

Figure 3 shows the calculated 3PA spectrum of GaAs, broken down into the contributions
starting in each of the three valence bands, plotted versus the sum of the three photon’s energies,
-hωp + 2-hωe, and compares the degenerate and nondegenerate cases. The spectra of three dominant
pathways (individual terms in Eq. (7)) from the light-hole to conduction band are shown in
Fig. 3(b) and 3(d), where the blue curves correspond to: red lh → lh → cb → cb, blue lh → cb
→ lh → cb, and green lh → so → cb → cb, as illustrated in Fig. 1. The individual quantum
pathways have different signs (i.e. relative phases) that depend on the sign of the momentum
matrix elements (overlap integrals) and the sign of the energy denominator. For example, for the
blue curve in Fig. 3 the matrix elements are negative (see Supplement A), but each term also has
a negative denominator, since Eli = Elh – Elh = 0, yielding an overall positive quantity. For the
green curve all the matrix elements are positive, but the energy denominators are negative since
Eli = Eso – Elh, also yielding a negative quantity. All these pathways interfere since they have the
same initial and final states, resulting in the oscillatory 3PA spectrum for the light-hole band
(Fig. 3(a) dotted line). The total α3 (solid curve) is the sum of the contributions obtained starting
in the light-hole (dotted), heavy-hole (dashed), and split-off band (dot-dashed).

Pathways involving three interband transitions are possible for 3PA, as indicated by the blue
arrows in Fig. 1, and in fact dominate in the degenerate case near the band edge since the intraband
momentum matrix elements involved in the other pathways go to zero as k → 0 [20,67]. This
term, the so-called allowed-allowed-allowed term, is the only one used in Wherrett’s model for
degenerate 3PA [20]. However, in the nondegenerate case, ISRE of intraband transitions become
important and even dominant for extremely nondegenerate 3PA. In the nondegenerate case,
shown in Fig. 3(c) and 3(d), -hωe = 0.16 eV (λe = 7.75 µm), which is 11% of the bandgap energy
of GaAs, and the contribution from each of the three pathways illustrated in Fig. 1 is increased
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Fig. 3. Calculated 3PA spectrum of GaAs for (a) degenerate from [22,27,49] and (c)
nondegenerate (ℏωe = 0.16 eV, λe = 7.75 µm) case showing contributions calculated starting
in the heavy-hole (dashed), light-hole (dotted), split-off band (dot-dashed), and total (solid).
Examples of contributions from individual pathways originating from the light-hole band in
the (b) degenerate case from Ref. [22,27,49] and (d) nondegenerate cases. Colors in (b) and
(d) correspond to pathways shown in Fig. 1. Top axis in (c) and (d) indicates the wavelength
λp for λe = 7.75 µm.

from ISRE but differently in each case due to the different denominators in Eq. (7). As -hωp/-hωe
increases, while -hωp + 2-hωe is held constant, -hωe gets closer to resonance with intraband and
intervalence band transitions, and -hωp approaches resonance with interband transitions, both of
which contribute to enhance 3PA. ISRE combines with the nondegenerate enhancement (photon
energy prefactor in Eq. (7)), which provides an overall multiplicative enhancement factor between
240× and 360× (depending on -hωp). Clearly, even larger enhancements are predicted for more
nondegenerate photon energies, but eventually becomes limited by competing two-photon and
linear absorption. We note that the overall enhancement is significantly reduced by the quantum
interference between the various pathways.

Figure 4 shows the calculated ND-3PA spectrum of GaAs plotted versus the sum of the
three photons’ energies, -hωp + 2-hωe. Figure 4(a) displays the entire spectrum in a 3D color
scale plot versus the nondegeneracy, i.e., the ratio of the photon energies -hωp/-hωe (also shown
in 2D color plot in Fig. 4(b)). For a fixed photon energy sum, increasing the ratio -hωp/-hωe
results in an enhancement of α3 by over three orders of magnitude. Within the gray shaded
region -hωp + -hωe > Eg, and ND-2PA dominates making ND-3PA experimentally inaccessible.
Figure 4(c) shows curves of α3 for degenerate (-hωp = -hωe) and three nondegenerate cases
with fixed -hωe, where α3 is the smallest for degenerate (-hωp/-hωe = 1) and increases as the
excitation photon energy decreases (-hωp/-hωe increases). The nondegenerate enhancement
for a nongedeneracy -hωp/-hωe = 10 is up to ∼80× near 1.45 eV to over 400× near the 2PA
edge (1.58 eV). Beyond the 2PA edge, the theory predicts extremely high ND-3PA near strong
resonances due to resonance between valence bands. For example, the peak at a nondegeneracy
of about 3 for three-photon energy sums greater than 1.8 eV correspond to intermediate state
resonances between the split-off and heavy-hole bands. This region of the spectrum, however, is
where 2PA occurs, since here -hωp + -hωe > Eg, as indicated in Fig. 4(b), which may dominate.
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Furthermore, other fifth-order nonlinear effects are not included in the theory presented here (e.g.,
Stark effect, electronic Raman, etc.), which will affect any calculations of 5th-order nonlinear
refraction, [78] and the band model used does not capture broadening effects which are expected
to reduce the ND-3PA amplitude. Such effects will ultimately limit applicability for even greater
nondegeneracies, along with single-photon absorption as one of the photon energies approaches
the bandgap. Even so, this region may offer interest for further study. 

 

Fig. 4. Calculated ND-3PA spectrum of GaAs. (a) 3D plot of α3(ωp; ωe, ωe) versus
photon energy sum and photon energy ratio or nondegeneracy (colored vertical scale). This
graph includes regions where 2PA is allowed. Note spikiness about a nondegeneracy of 3
between 1.8 and 2.15 eV is a numerical artifact due under sampling. (b) shows 2D projection
with shaded region indicating where ND-2PA is allowed (upper right portion delineated
by solid black line). (c) α3 for (magenta) degenerate, and fixed ℏωe of (blue) 0.36 eV,
(red) 0.21 eV, and (black) 0.16 eV. Curves are truncated at the onset of ND-2PA, i.e., where
-hωp + -hωe =Eg.

The dependence of α3 on the polarization of the probe with respect to that of the excitation
may be determined since the momentum matrix elements in Kane’s model depend on the relative
orientation of the fields [38]. Figure 5 shows the 3PA coefficients for perpendicular polarizations,
where the x-component of the momentum matrix elements is used for the probe, while the
z-component is used for the excitation [38] (see Supplement A). Compared to the case of parallel
polarizations, α3,⊥ is significantly reduced near the band edge particularly in the degenerate
case, while still retaining spectral features similar to α3,∥ at higher transition energies (c.f.,
Fig. 3). This behavior is different than for 2PA, where α2,⊥ exhibits a nearly identical spectrum
to α2, ∥ , simply reduced by a factor of 2-3 [38]. The ratio α3,∥ /α3,⊥ is predicted to increase
near the band edge, most strikingly in the degenerate case. Both nondegenerate and ISRE
mechanisms are independent of polarization, and thus we observe similar enhancement behavior
for nondegenerate photons in Fig. 5(c) and 5(d).
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Fig. 5. Calculated 3PA spectrum of perpendicular polarizations for (a) degenerate and
(c) nondegenerate (ℏωe = 0.16 eV, λe = 7.75 µm) in GaAs for (dashed) heavy-hole, (dotted)
light-hole, (dot-dashed) split-off bands, and (solid) total. Examples of contributions from
individual pathways originating from the light-hole band in the (b) degenerate case from
[22,27,49] and (d) nondegenerate cases. Colors in (b) and (d) correspond to pathways shown
in Fig. 1. Top axis in (c) and (d) indicates the wavelength λp for λe = 7.75 µm.

4. Experiment

We measure ND-3PA via excite-probe experiments (see Fig. 6) using a 1 kHz commercial
Ti:sapphire chirped-pulse-amplifier laser system (Legend Elite Duo HE+, Coherent) that pumps
optical parametric generators/amplifiers (TOPAS-800 and HE-TOPAS, Light Conversion).
Depending on the sample, either the idler or difference frequency of the signal and idler, generated
in an external AgGaS2 module, is used as the excitation. A white-light continuum is created
by focusing a small portion of the 800 nm laser fundamental into either a 5 mm thick sapphire
plate or 10 mm cuvette filled with water, which is spectrally filtered (10 nm FWHM) for use as
the probe. Variation in the probe transmission is measured synchronously at the modulation
frequency of an optical chopper in the excitation beam using a lock-in amplifier (SR830, Stanford
Research Systems) as the temporal delay between the pulses is varied by a delay line in the probe
beam path. Linear polarizations of both beams are maintained by polarizers, and a half-wave
plate is used to adjust the angle of the probe’s polarization. To ensure that 3PA causes the
observed transmission change, we ensure a quadratic dependence on the excitation irradiance
by conducting measurements at multiple excitation energies that is changed using a half-wave
plate and polarizer combination. For measurements of ZnSe and CdS, as reported in [39], the
irradiance was calibrated using beam deflection measurements [39,79–81] of fused silica, which
is assumed to have n2 = 2.5× 10−19 m2/W [82].

3PA is a (nearly) instantaneous process, meaning absorption only occurs when the two pulses
are temporally overlapped within the sample. For nondegenerate measurements with very different
excitation and probe wavelengths, group velocity mismatch (GVM) causes significant temporal
walk-off. Following Negres, et al. [53], we derive an analytical expression for the electric field
distribution at the back surface of the sample that includes GVM effects. We are interested in the
evolution of the weak probe field defined by Ep(r, z, t)=½Ep(r, z, t)exp[i(kpz – ωpt)]pˆ+ c.c.,
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Fig. 6. Schematic of excite-probe experimental setup

where Ep is the field amplitude, r is the transverse radial coordinate, kp = n0,pωp/c, and pˆ is the
polarization unit vector of the probe. Within the slowly varying envelope approximation (SVEA)
[52], the nonlinear wave equation governing the probe’s evolution in the presence of a strong
excitation with ND-3PA is (see Supplement B for derivation)

∂Ep

∂z
+

1
vp

∂Ep

∂t
=

3
2
α3(ωp;ωe,ωe)I2

e Ep (10)

where vp is the probe’s group velocity, Ie is the excitation irradiance, and we have assumed the
sample to be thin [50] and the excitation undepleted [53]. Assuming temporally Gaussian pulses
the probe field at the back surface of the sample is [39,53]

Ep = Ep,0 exp

(︄
−
(T − Td − ρ)2

2(τp/τe)
2 −

3
√

2π
8ρ

α3LI2
e,0{erf [

√
2T] − erf [

√
2(T − ρ)]}

)︄
(11)

where Ep,0 is the input probe field distribution, T = (t – z/ve)/τe is normalized time in the frame of
the excitation pulse, τp and τe are the probe and excitation pulse durations (HW1/eM), Td is the
normalized delay, L is the sample thickness, and Ie,0 is the peak excitation irradiance distribution.
The GVM parameter, ρ, which characterizes the temporal walk-off, is

ρ =
L
τe

(︃
1
vp

−
1
ve

)︃
=

L
τec

(ng,p − ng,e) (12)

where ng,p and ng,e are the group indices of the probe and excitation, respectively. Equation (11)
is then squared and integrated to find the transmitted energy as a function of temporal delay Td,
which is used to fit the excite-probe measurements for α3.

Figure 7 shows example measurements of CdS and GaAs, where measurements using multiple
excitation energies are used to ensure the quadratic dependence of the signal. For CdS, the
excitation and probe wavelengths are significantly different (λp = 700 nm, λe = 2.35 µm) resulting
in large GVM, with ρ= 7.7 [77]. This results in the broadened signal towards negative delay
where the probe reaches the sample first, but the excitation catches up to it within the sample
due to its higher group velocity. For the GaAs sample, which is only 4 µm thick, λp = 1020 nm,
λe = 7.75 µm, ρ= 0, meaning the measurement follows the cross-correlation of the probe pulse
and square of the excitation pulse, as there is no temporal walk-off. Fits for the data of Fig. 7
performed using Eq. (11) yield α3(ωp; ωe, ωe)= (41± 15)× 10−3 cm3/GW2 for CdS, and 68± 20
cm3/GW2 for GaAs, respectively.

Measured 3PA spectra are presented in Fig. 8, where nondegenerate measurements are in red,
and degenerate measurements from [22,27] are in black, along with the corresponding theoretical
curves. Errors in α3 stem primarily from uncertainty in the excitation irradiance (∼ 20%).
Calculations use the values of Eg, ∆, Ep, and the refractive indices in Table 1. The theoretical
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Fig. 7. Examples of (shapes) of excite-probe measurements on (a) CdS (L= 500 µm,
λp = 700 nm, λe = 2.35 µm, ρ= 7.7), and (b) GaAs (L= 4 µm, λp = 1020 nm, λe = 7.75 µm,
ρ= 0) for three different excitation energies with (curves) corresponding fits, where (a)
α3 = (41± 15)× 10−3 cm3/GW2, and (b) α3 = (68± 20) cm3/GW2.

predictions for both D-3PA and ND-3PA are multiplied by a constant factor of 3 for GaAs and
1.8 for ZnSe to best match the D-3PA data. This also makes the ND-3PA data fit theory quite
well. Similar scaling factors were observed in previous comparisons to theory for both 2PA [35]
and 3PA [22]. We observe significant enhancement over the degenerate case for all materials. In
GaAs, the maximum enhancement is 180× for λp = 1020 nm and λe = 7.75 µm, (-hωp/-hωe = 7.6),
while for ZnSe it is 12× for λe = 2.3 µm and λp = 600 nm (-hωp/-hωe = 3.8). For GaAs and ZnSe
there is good agreement between the measured data and the theoretical calculations, particularly
for the nondegenerate enhancement, evidenced by the fact that a constant scaling factor is used
for the entire spectrum, i.e., both degenerate and nondegenerate. CdS measured here is wurtzite,
rather than zinc-blende, which does not have the band structure described by Kane’s model. We
do, however, still see strong enhancement in CdS for ND-3PA, indicating the universality of the
enhancement mechanisms. 

 

Fig. 8. Comparison of (red) ND-3PA and (black) D-3PA spectra for (a) GaAs, (b) ZnSe, and
(c) CdS, including (circles) measurements and (curves) theory. In (a) λe = 7.75 µm (0.16 eV),
and theory (both D and ND) is scaled 3×, in (b) λe = 2.35 µm (0.53 eV), and theory (both
D and ND) is scaled by 1.8×, and in (c) λe = 2.35 µm with no scaling. D-3PA data from
[22,27].

Figure 9 shows the ratio of the 3PA coefficient for parallel and perpendicular polarizations
of the excitation and probe, α3,∥ /α3,⊥, which is independent of constant scaling factors. The
ratio varies drastically between degenerate and nondegenerate cases, particularly near the band
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edge in ZnSe. This is also very different from the behavior observed in 2PA, where the ratio
α2, ∥ /α2,⊥ is 2 to 3 across the entire spectrum [34,38]. Experimental measurements for ND-3PA
yield agreement in both GaAs and ZnSe.

 

 

Fig. 9. Polarization dependence of ND-3PA. Calculated (curves) and measured (points)
polarization dependence of α3 (ratio of parallel to perpendicular excitation and probe polar-
izations) for (a) GaAs and (b) ZnSe for (red) nondegenerate λe = 7.75 µm and λe = 2.3 µm,
respectively, and (black) degenerate cases. Note the break in the vertical axis in (b).

5. Conclusion

We have presented calculations of the ND-3PA spectra of zinc-blende semiconductors based
on Kane’s 8-band model using Fermi’s golden rule (third-order perturbation theory). This
method shows improved accuracy of the D-3PA spectra over previous two-parabolic band models
primarily due to the inclusion of quantum interference between the multiple possible pathways
[22,49]. Intermediate-state resonance results in an enhancement of the ND-3PA coefficient
for extremely nondegenerate photon pairs, which can be larger than that for ND-2PA thanks
to the additional intermediate state involved in the 3PA process; however, in both cases the
enhancement due to the 1/ω contribution of the transition matrix elements dominates. This
model also provides the polarization dependence of 3PA, which varies rapidly with frequency
near the band edge. Excite-probe measurements in the Zinc-blende semiconductors GaAs and
ZnSe show good agreement with theory based on the Kane band structure in spectral shape,
nondegenerate enhancement including ISRE and the contribution of the 1/ω dependence of the
matrix elements, and polarization dependence, indicating that the band structure and tensor
symmetry are well accounted for by the model. For wurtzite CdS, the agreement with theory
is, as expected, not as good, but experimental results still show similar enhancement of 3PA.
The enhancement suggests that ND-3PA may severely limit some photonic applications in
bulk semiconductors, such as optical parametric oscillators in the mid-IR [30,31,83], Raman
amplifiers [28], supercontinuum sources [5], limits on THz generation [10–12] and nondegenerate
two-photon lasers [36,45,46,84,85].

The predicted polarization dependence may be more fully explored, particularly the dramatic
increase in α3, ∥ /α3,⊥ near the band edge in the degenerate case. This may prove useful for
mitigating 3PA as a competing process to two-photon gain for future investigations of two-photon
semiconductor lasers [34]. The ND-3PA coefficient may be used to determine the fifth-order
nonlinear refractive index (often denoted n4) via nonlinear Kramers-Kronig relations [78]. The
algorithm presented here, along with other fifth-order loss mechanisms, may be used to predict
its dispersion. A more accurate model of the band structure [86] may yield better agreement. For
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example, Kane’s band structure also assumes α3 does not depend on the polarization directions
with respect to the crystalline axes, though experimental measurements have shown anisotropy of
D-3PA [23–25]. Calculations of anisotropy by including higher lying bands and more intricate
models of the band structure far from k= 0 are expected to improve accuracy. Impurities, defects,
and excitonic effects may play a role as well, particularly near the band edge.
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