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Multimode interference in circular step-index
fibers studied with the mode expansion approach
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The mode expansion approach in vectorial form, using a complete set of guided modes of a circular step-index
fiber (SIF), is developed and applied to analyze multimode interference in multimode fibers (MMFs) for the
first time, to the best of our knowledge. The complete set of guided modes of an SIF is defined based on its
modal properties, and a suitable modal orthogonality relation is identified to evaluate the coefficients in a
mode expansion. An algorithm, adaptive to incident fields, is then developed to systematically and efficiently
perform mode expansion in highly MMFs. The mode expansion approach is successfully applied to investigate
the mode-selection properties of coreless fiber segments incorporated in multicore fiber lasers and the self-
imaging in MMFs. © 2007 Optical Society of America
OCIS codes: 060.2270, 060.2340, 140.3510, 140.3290.
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. INTRODUCTION
n a multimode step-index fiber (SIF), multiple modes can
e guided along the fiber. A general incident optical field
ypically excites higher-order modes in addition to the
undamental modes of the fiber; consequently, the excited
ropagating field is a combination of guided modes and is
ubject to multimode interference (MMI). Due to the MMI
ffect, multimode fibers (MMFs) can be designed to con-
rol field propagation and therefore be utilized as MMI
omponents in fiber optic devices. It has been demon-
trated, both numerically and experimentally, that by ap-
lying the MMI theory, MMFs can be successfully de-
igned and employed in optical devices such as fiber-optic
isplacement sensors [1], wavelength tunable fiber lenses
2] and lasers [3], refractometer sensors [4], bandpass fil-
ers [5], phase-locked multicore fiber lasers [6,7], etc. For
hotonic devices based on optical fibers, an all-fiber de-
ign is always highly desirable, considering its advantage
f being compact and free of alignment. MMF-based ele-
ents fit naturally in all-fiber designs and have been

roved capable of controlling the propagation of light
1–7]. To effectively design MMFs for MMI-based applica-
ions, it is crucial to be able to simulate and understand
he MMI effects of MMFs.

MMI was first proposed and investigated for slab
aveguides. Self-imaging in step-index slab waveguides,
phenomenon due to MMI, was proposed in [8] and later

escribed in detail in [9]. Since then, optical devices based
n MMI and self-imaging in slab waveguides have been
idely used in various photonic integrated circuits for op-

ical communications, including optical couplers, combin-
rs, switches, modulators, filters, etc. Soldano and Pen-
ings [10] suggested modal propagation analysis, ray
ptics, hybrid methods, and the beam propagation
ethod (BPM) as potential approaches for analyzing
0740-3224/07/102707-14/$15.00 © 2
MI in slab waveguides. The guided-mode propagation
nalysis was employed by Soldano and Pennings [10] to
nvestigate the self-imaging principle in multimode slab
aveguides, which led to a number of fundamental find-

ngs. The great success in the analysis of MMI in slab
aveguides can be attributed to the fact that there exists
n analytical formula for evaluating the propagation con-
tants of the guided modes of highly multimode slab
aveguides [10]. In contrast, for highly multimode SIFs,

he majority of the guided modes are hybrid and not lin-
arly polarized, with no generic analytical formula avail-
ble for evaluating the propagation constants. This com-
licates the analysis of MMI in multimode SIFs and
enders the necessity of relying on numerical approaches.

Two numerical approaches have been reported in the
iterature regarding analyzing MMI effects and self-
maging properties of MMFs, namely, the mode expansion
pproach [1,2,5] and the BPM [4,11]. In [1,2,5], the fun-
amental scalar mode of a single-mode SIF is coupled to
he center of an MMF segment, where the MMI in the
MF segment is analyzed with the mode expansion ap-

roach. In this approach, the weakly guiding approxima-
ion is adopted for the MMF, so the guided modes of the
MF, which form the basis for the mode expansion ap-

roach, are linearly polarized (LP) (or scalar). Since the
mplitude of the incident scalar field is circularly sym-
etric with respect to the MMF, the modes excited in the
MF are circularly symmetric as well. As a result, the

umber of guided modes used in the mode expansion is
reatly reduced. In summary, the mode expansion ap-
roach is efficient and has the inherent advantage of
voiding numerical error accumulation when the length
f the MMF increases. Given that only circularly symmet-
ic modes are used, this approach, however, cannot be ap-
lied to study, e.g., the effect of misalignments between
007 Optical Society of America
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he single-mode fiber (SMF) segment and the MMF seg-
ent [5]. In [4,11], MMI in the MMF segment of an SMF-
MF-SMF structure is investigated with the BPM, where

he optical field inside the structure is assumed to be lin-
arly polarized and the scalar wave equation is solved ac-
ordingly. Considering the circular symmetry of the struc-
ure, the optical field is further simplified to be
ndependent of the angular coordinate in the cylindrical
oordinate system. The Padé approximation is employed
n the finite-difference scheme to ensure the accuracy of
he BPM if the propagating field contains large angle
omponents. Since the BPM makes use of the circular
ymmetry of the fiber structure and assumes that the op-
ical field is linearly polarized with circularly symmetric
mplitude, this approach, like the mode expansion ap-
roach in [1,2,5], is not applicable to cases where mis-
lignments between different fiber segments need to be
onsidered.

The vectorial finite-difference beam propagation
ethod (VFDBPM) is a more general approach and ca-

able of analyzing the effect of misalignments between
ifferent fiber segments. However, VFDBPM relies on
nite-difference schemes for discretization of the trans-
erse domain of a given structure, and therefore treats
iscontinuity in the material and nongrid aligned bound-
ries separately. The vectorial finite-element beam propa-
ation method (FE-BPM), being an integral formation on
n irregular grid of the transverse domain of a structure,
an be used as an alternative to VFDBPM to overcome
he above-mentioned disadvantages of finite-difference
PMs. In both methods, the matrix exponent of beam
ropagation is represented with Taylor or Padé approxi-
ation, leading to linear increases in numerical errors as

he propagation distance increases. This is illustrated in
ection 4, where the vectorial FE-BPM is employed to
nalyze MMI in MMFs. Therefore, no matter how accu-
ately a numerical discretization can be devised for the
FDBPM or vectorial FE-BPM, the fundamental disad-
antage of error accumulation with propagation distance
s unavoidable.

In this paper, the mode expansion approach in vectorial
orm, using a complete set of guided modes of a multi-
ode SIF, is developed and employed to analyze MMI in
MFs for the first time, to the best of our knowledge. Un-

ike the scalar approaches presented in the literature, the
ectorial mode expansion approach can be applied to ana-
yze the MMI of an optical field that is noncircularly sym-

etric to its host MMF. To systematically calculate the
uided modes of an SIF with computer procedures, the
odal characteristics of the SIFs are explored in detail,

nd a set of simplified formulas is derived for describing
he electromagnetic field of the guided mode with a given
ropagation constant. The guided modes with negative
ngular orders, being largely neglected in the literature,
re elaborated to form the complete set of the guided
odes of an SIF for the mode expansion approach. To

valuate the coefficients in a mode expansion, a suitable
rthogonality relation for the guided modes used in this
tudy is identified and verified both analytically and nu-
erically. Since a large number of guided modes are al-

owed in an MMF for MMI applications, an adaptive algo-
ithm is developed in Section 3 to perform mode
xpansion of optical fields in highly MMFs systematically
nd efficiently. In Section 4, the mode expansion approach
eveloped in this study is validated by utilizing it to ana-
yze MMI in two MMF-based components, namely, the
oreless fiber segment for mode selection in a multicore fi-
er (MCF) laser [6,7] and the MMF segment in an SMF-
MF-SMF structure [4,5]. The results in Section 4 show

hat the vectorial mode expansion approach can capture
he polarization effect on MMI that cannot be resolved by
calar approaches.

. MODAL PROPERTIES AND
RTHOGONALITY RELATION

or circular SIFs the optical field and the corresponding
ropagation constant of a guided mode can be solved rig-
rously. The analytical formulas describing the field and
he characteristic equations for the propagation constant
ave been presented in the literature [12–15]. In addition,
he orthogonality relations between guided modes of
aveguides, mainly used for microwave applications,
ave been extensively discussed and applied in the litera-
ure [13,16–22]. In this section, we elaborate on some as-
ects of the modal properties of circular SIFs that have
ot been adequately explored in the literature; these as-
ects, however, are crucial to the implementation of the
ode expansion approach in computer procedures. A suit-

ble orthogonality relation is identified for the guided
odes described in this section and is validated both ana-

ytically and numerically. It is worth noting that the radi-
ting eigenmodes of SIFs are not important for MMI-
ased applications [2] and therefore are not discussed in
his section.

. Modal Properties of Circular Step-Index Fibers
or a circular SIF with a core of refractive index n1 and
adius a, and a cladding with refractive index n2, the elec-
ric and magnetic (EM) field of a guided mode propagat-
ng along the z axis can be expressed as [15]

E� �r,�,z,t� = E� �r�exp�il��exp�i��t − �z��, �1a�

H� �r,�,z,t� = H� �r�exp�il��exp�i��t − �z��, �1b�

here � is the angular frequency of the field; � is the
ropagation constant; and l is a nonnegative integer de-
oting the angular dependence of the mode. Based on
axwell’s equations and the boundary conditions at the

nterface between the core and the cladding, the propaga-
ion constant � must satisfy the characteristic equation
15] of

Jl+1�ha�

haJl�ha�
=

n1
2 + n2

2

2n1
2

Kl��qa�

qaKl�qa�
+ � l

�ha�2 − R� , �2a�

or EH modes (or TE modes when l equals zero), or that of

Jl−1�ha�

haJl�ha�
= −

n1
2 + n2

2

2n1
2

Kl��qa�

qaKl�qa�
+ � l

�ha�2 − R� , �2b�

or HE modes (or TM modes when l equals zero), where J
s a Bessel function of the first kind, K is a modified
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essel function of the second kind,

R = ��n1
2 − n2

2

2n1
2 �2� Kl��qa�

qaKl�qa��
2

+ � l�

n1k0
�2� 1

�qa�2 +
1

�ha�2��1/2

, �2c�

h2 = n1
2k0

2 − �2, q2 = �2 − n2
2k0

2, �2d�

V2 = �ha�2 + �qa�2 = �n1
2 − n2

2�k0
2a2, �2e�

here k0 is the wavenumber of the light in free space, V is
he V parameter of the SIF, and ha and qa are within the
ange of �0,V�. The EM field of the guided mode with
ropagation constant � is described by Eqs. (3.2-6) to
3.2-9) and Eq. (3.2-12) in [15].

The discussion indicates that the propagation constant
is a key parameter for guided modes of an SIF; once � is

etermined, the EM field can be readily computed. To sys-
ematically solve Eqs. (2a) and (2b) for the propagation
onstants of guided modes of angular order l with a nu-
erical procedure, it is important to investigate the prop-

rties of Eqs. (2a)–(2c) and thus determine proper bound-
ry conditions required by the numerical procedure. Note
hat as ha increases from zero to the V parameter of the
ber, the left side of Eq. (2a) or Eq. (2b) resembles the tan-
ent or cotangent function, with the singularities of the
eft side occurring at ha that satisfies the equation of
l�ha�=0; the property of the right side of Eq. (2a) or Eq.

2b), however, is very complicated, except that the right
ide is a smooth function of ha (or qa). In Appendix A, the
roperties of the right-hand sides (RHSs) of Eqs. (2a) and
2b) are examined in detail and the results can be sum-
arized as follows:

1. For TE, TM, or EH modes, i.e., l=0 in Eq. (2a) or Eq.
2b), or l�0 in Eq. (2a), the RHS of Eq. (2a) or Eq. (2b) is
egative for ha between 0 and the V parameter of the fi-
er. The RHS has a finite negative value when ha equals
and goes to negative infinity when ha approaches V.
2. For HE modes, i.e., l�0 in Eq. (2b), the RHS of Eq.

2b) is positive for ha between 0 and V and has a finite
ositive value when ha is equal to 0. As ha approaches V,
he RHS is expressed as

lim
ha→V

RHSHE�ha� = + � for l = 1, �3a�

lim
ha→V

RHSHE�ha� =
1

l − 1

n2
2

n1
2 + n2

2 for l � 1. �3b�

ased on the properties of Eqs. (2a) and (2b) discussed
reviously, the cutoff values of the V parameter for guided
odes of SIFs can be easily obtained with the graphic ap-

roach [13,15]. For example for HE1m modes, the cutoff
alues Vm satisfy

J1�Vm� = 0, V1 = 0, �4�

here m is a positive integer, indicating that there is no
utoff for HE11 modes. For the HElm mode with l greater
han 1, V satisfies the equation of
m
Jl−1�Vm�

VmJl�Vm�
=

1

l − 1

n2
2

n1
2 + n2

2 , Vm � 0, �5�

hich can be obtained intuitively with the graphic ap-
roach [13,15] and is equivalent to Eq. (24) in [12]. Note
hat the cut-off conditions for TE, TM, EH, and HE1m
odes are only dependent on the V parameter of the fiber,
hile the appearance of an HElm mode with l greater

han 1 is also dependent on the refractive indices of the
ore and cladding of the SIF.

With the properties of the characteristic Eqs. (2a) and
2b), the number of guided modes and the corresponding
ropagation constants can be systematically and accu-
ately determined for a given SIF by numerical proce-
ures. It is suggested that the propagation constant � of a
uided mode can be used to fully determine the EM field
f the mode based on Eqs. (3.2-6)–(3.2-9) and Eq. (3.2-12)
n [15]. In the current paper, these equations are rewrit-
en to a set of simplified formulas for the EM field of a
uided mode that can be readily implemented in com-
uter procedures. For EH, HE, and TM modes of a SIF,
he parameter P defined in Eq. (16) of [12], i.e.,

P = l� 1

q2a2 +
1

h2a2�� Jl��ha�

haJl�ha�
+

Kl��qa�

qaKl�qa��
−1

�6�

s adopted and the EM field of the mode with propagation
onstant � can be expressed as the following:

1. in the core, i.e., r�a,

Er�r,�� = −
i�

2h
A��1 − P�Jl−1�hr� − �1 + P�Jl+1�hr��exp�il��,

�7a�

E��r,�� =
�

2h
A��1 − P�Jl−1�hr� + �1 + P�Jl+1�hr��exp�il��,

�7b�

Ez�r,�� = AJl�hr�exp�il��, �7c�

Hr�r,�� =
��1

2h
A��f1P − 1�Jl−1�hr� − �f1P

+ 1�Jl+1�hr��exp�il��, �7d�

H��r,�� =
i��1

2h
A��f1P − 1�Jl−1�hr�

+ �f1P + 1�Jl+1�hr��exp�il��, �7e�

Hz�r,�� =
i��1

�
Af1PJl�hr�exp�il��, �7f�

here A is a scalable coefficient, �1=�0n1
2, and

f1 = �2/�n1
2k0

2�; �7g�

2. in the cladding (i.e., r�a),
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Er�r,�� = −
i�

2q
C��1 − P�Kl−1�qr� + �1 + P�Kl+1�qr��exp�il��,

�8a�

E��r,�� =
�

2q
C��1 − P�Kl−1�qr� − �1 + P�Kl+1�qr��exp�il��,

�8b�

Ez�r,�� = CKl�qr�exp�il��, �8c�

Hr�r,�� = −
��2

2q
C��1 − f2P�Kl−1�qr�

− �1 + f2P�Kl+1�qr��exp�il��, �8d�

H��r,�� = −
i��2

2q
C��1 − f2P�Kl−1�qr�

+ �1 + f2P�Kl+1�qr��exp�il��, �8e�

Hz�r,�� =
i��2

�
Cf2PKl�qr�exp�il��, �8f�

here �2=�0n2
2,

C = AJl�ha�/Kl�qa�, �8g�

f2 = �2/�n2
2k0

2�. �8h�

The complete description of the EM field of the guided
ode is obtained by multiplying Eqs. (7a)–(7f) and (8a)–

8f) by the t and z dependence of exp�i��t−�z��. Note that
or TM modes, l is zero and hence P is zero. It can be veri-
ed from Eqs. (7a)–(7f) and (8a)–(8f) that the field compo-
ents Hr, Hz, and E� are zero for TM modes. For TE
odes, J0��ha� / �haJ0�ha��+K0��qa� / �qaK0�qa��=0, so the

arameter P is not defined by Eq. (6); therefore, Eqs.
7a)–(7g) and (8a)–(8h) are not applicable in this case. The
M field of a TE mode with propagation constant � can be
erived as follows:

1. in the core,

E��r,�� = −
i�

h
AJ1�hr�, �9a�

Hr�r,�� = i
��0�2

hk0
2 AJ1�hr�, �9b�

Hz�r,�� =
��0�

k0
2 AJ0�hr�, �9c�

2. in the cladding,

E��r,�� =
i�

q
A

J0�ha�

K �qa�
K1�qr�, �10a�
0

Hr�r,�� = −
i��0�2

qk0
2 A

J0�ha�

K0�qa�
K1�qr�, �10b�

Hz�r,�� =
��0�

k0
2 A

J0�ha�

K0�qa�
K0�qr�, �10c�

ll the other components of the EM field of the TE mode,
amely, Er, Ez, and H�, are zero.

In the previous discussion, the guided modes are con-
idered having an angular dependence of exp�+il��. Ref-
rence [15] briefly mentioned that for l�0, the angular
ependence of exp�−il�� in Eqs. (1a) and (1b) corresponds
o an independent set of eigenmodes for a given SIF;
herefore, +l and −l modes together constitute the full set
f the guided modes for the mode expansion approach. For
odes propagating in +z direction, the electric fields of +l

nd −l modes can be expressed as

E� �+l��r,�� = E� �r,�;l� = E� �l��r�exp�il��, �11a�

E� �−l��r,�� = E� �r,�;− l� = E� �−l��r�exp�− il��. �11b�

imilar expressions can be derived for the magnetic
elds. With Maxwell’s curl equations of Eqs. (3.1-3a)–(3.1-
c) in [15], it can be verified that if an EM field of
r�r ,� ; l�, E��r ,� ; l�, Ez�r ,� ; l�, Hr�r ,� ; l�, H��r ,� ; l�, and
z�r ,� ; l� is a solution to the Maxwell’s curl equations, so

s the EM field of Er
*�r ,� ; l�, E�

*�r ,� ; l�, −Ez
*�r ,� ; l�,

r
*�r ,� ; l�, H�

*�r ,� ; l�, and −Hz
*�r ,� ; l�. Therefore, the elec-

ric field of −l mode can be obtained directly from the cor-
esponding +lmode as follows:

Er
�−l��r� = �Er

�l��r��*,E�
�−l��r� = �E�

�l��r��*,Ez
�−l��r� = − �Ez

�l��r��*,

�12�

nd the magnetic field can be determined in a similar
ay. Since a −l mode has the same propagation constant
s the corresponding +l mode, these two modes are degen-
rate. The complex amplitudes of the transverse compo-
ents of the electric fields of the −l and +l modes further

ndicate that left-hand (LH) polarization and right-hand
RH) polarization can be associated with these two modes,
espectively [13]. Thus, the −l and +l modes, with differ-
nt polarization states, are degenerate. Due to the degen-
racy, any linear combination of the −l and +l modes is an
igenmode with the same propagation constant of �. For
eakly guiding SIFs, the double degenerate LP modes
P0m [23] can be derived using HE1m and HE−1m modes.
dditionally, the discussion on −l modes allows for the un-
erstanding of the fourfold degeneracy of the LPlm modes
ith l greater than 0 [23]. The four independent LP1m
odes can be obtained with linear superposition of the

wo degenerate modes HE2m and HE−2m and the two ad-
itional modes TE0m and TM0m. It needs to be clarified
hat there is not another mode that is degenerate with a
E0m or TM0m mode. For LPlm modes with l greater than
, the modes EHl+1,m and EH−�l+1�,m modes are degenerate
ith the modes HEl−1,m and HE−�l−1�,m; thus, the degen-
racy of LPlm modes is fourfold.

According to this discussion, a complete set of guided
odes of a circular SIF can be described as follows, (1) for
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=0, the guided modes are TE0m and TM0n modes, and
ach of them is nondegenerate; and (2) for l�0, the
uided modes are HE±l,m and EH±l,n modes, and each
ode with +l has a degenerate counterpart with −l that

as the same propagation constant. It is noteworthy that
ince any linear superposition of two degenerate eigen-
odes is an eigenmode, other complete sets of guided
odes can be derived from the set of modes described

bove.

. Mode Orthogonality Relation
ith the modal properties of SIFs described in Subsection

.A, the complete set of the guided modes can be com-
uted for a given SIF, forming a Hilbert space where an
rbitrary propagating field in the fiber can be expanded
s a linear superposition of the guided modes of the SIF.
o facilitate mode expansion of an EM field in an SIF, it is
mportant to adopt a suitable orthogonality relation be-
ween the guided modes of the fiber.

The orthogonality relations presented in the literature
re mainly derived for waveguides with closed transverse
oundaries in microwave applications, where the trans-
erse boundaries are perfectly electric or magnetic, or
ubject to the impedance boundary condition [16–22]. The
orentz reciprocal principle or its generalized version for
nisotropic materials is applied in [16,17,19,21,22] to the
ormal modes of waveguides (and those of the comple-
entary waveguides if waveguides are nonreciprocal)

22] to derive the orthogonality relations. In [18,20], Max-
ell curl equations for the normal modes of waveguides
re expressed in terms of linear operators, and the spec-
ral theory of linear operators is utilized to obtain the or-
hogonality properties of the eigenvectors of the linear op-
rators (i.e., the normal modes of the waveguides). The
wo approaches have yielded the same orthogonality rela-
ions. For a bidirectional waveguide whose normal modes
re in the form [16] of

Ē�n��x,y,z,t� = �e�T
�n��x,y� + ẑez

�n��x,y��exp�− 	nz�exp�i�t�,

�13�

here the subscript T denotes the transverse component,
he orthogonality relation between the modes can be ex-
ressed as

/
S

dsẑ · �e�T
�n� 
 h� T

�m�� = Nn�mn, �14�

here the integration is over the cross section of the
losed boundary waveguide, Nn is the normalization con-
tant, and �mn is the Kronecker delta. It is worth noting
hat the orthogonality relation in Eq. (14) is valid for
ossy, amplifying, or lossless waveguides. If the waveguide
s lossless, 	n in Eq. (13) becomes purely imaginary and a
imilar orthogonality relation,

/
S

dsẑ · �e�T
�n� 
 h� T

�m�*
� = 2Pn�mn �15�

an be derived, where the superscript * denotes the com-
lex conjugate. Equation (15) is known as the power or-
hogonality relation [16], meaning that in a lossless uni-
orm waveguide, the powers of individual modes
ropagate independently in the waveguide.
Although it is mentioned in [18,22] that the orthogonal-

ty relations derived for closed boundary waveguides are
pplicable to open boundary waveguides such as optical
bers, no details are provided to justify the statement.
or an SIF, the dielectric function is discontinuous at the
aterial interface and thus can play an important role in

he orthogonality properties of the guided modes. With
he material interfaces in fibers taken into account, the
orentz reciprocal theorem is applied in Appendix B to
erive the orthogonality relations for the guided modes of
idirectional optical fibers with discontinuous dielectric
unctions. It is demonstrated that the guided modes of bi-
irectional optical fibers satisfy an almost identical or-
hogonality relation to Eq. (14) [or Eq. (15) for a lossless
ber], except that for optical fibers, the domain of integra-
ion in Eq. (14) [or Eq. (15)] is the entire two-dimensional
lane.
For optical fibers with a weak guidance approximation,

he guided modes can be considered as linearly polarized,
r equivalently scalar, and the orthogonality relations in
qs. (14) and (15) can be simplified to

/
S

dse�T
�n� · e�T

�m� = Mn�mn, �16�

/
S

dse�T
�n� · e�T

�m�*
= Qn�mn, �17�

espectively [23]. The orthogonality relation in Eq. (15),
enoted as OR I, and that in Eq. (17), denoted as OR II,
re applied to the guided modes of a circular coreless fiber
ith a 200 �m diameter core of the refractive index of
.565 and a cladding of air. The normalized orthogonality
oefficient Nmn between modes m and n are calculated
ith OR I and OR II to demonstrate the validity of the

wo orthogonality relations. The coefficient Nmn is defined
s

Nmn = Pmn/�PmmPnn�1/2, �18�

here Pmn is

Pmn
�I� =

/
S

dsẑ · �e�T
�m� 
 h� T

�n�*
�, �19a�

or OR I, or

Pmn
�II� =

/
S

dse�T
�m� · e�T

�n�*
�19b�

or OR II. The guided modes of the fiber are computed for
he wavelength of 1.535 �m; then, the normalized or-
hogonality coefficient between two guided modes is com-
uted with highly accurate numerical schemes. Since two
uided modes with different angular orders satisfy Eqs.
15) and (17) automatically, a set of HE and EH modes
ith the same angular order is used to calculate the nor-
alized orthogonality coefficients for OR I and OR II in

ouble precision, and the results are listed in Tables 1
nd 2, respectively. It can be observed that the normalized
rthogonality coefficient matrix in Table 1 has negligibly
mall off-diagonal elements, implying that OR I is a suit-
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ble orthogonality relation for the guided modes of the
IF considered. The coefficient matrix in Table 2, how-
ver, has relatively large off-diagonal entries, denoting
hat OR II is not valid in this case. The two orthogonality
elations have been extensively tested for other guided
odes of the 200 �m core fiber; the results consistently

how that OR I is well satisfied, while OR II does not hold
ell. Therefore, OR I is adopted for the mode expansion
pproach in this study.

. AN ADAPTIVE ALGORITHM FOR THE
ODE EXPANSION APPROACH

ccording to the normal mode theory [23], a propagating
eld inside an SIF can be expressed as a superposition of
he guided modes of the fiber, i.e.,

E� �r,�,z� = 	
n=1

N

CnE� �n��r,�,z� = 	
n=1

N

Cne��n��r,��exp�− i�nz�,

�20�

here N is the number of the guided modes and E� �n� is the
lectric field of mode n. This superposition (with the same
oefficients) also applies to the magnetic field in the fiber.
ith the orthogonality relation as defined in Eq. (15), the

oefficient Cn can be determined as follows:

Cn =
/

S

dsẑ · �E� T
in�r,�,z = 0� 
 h� T

�n�*
�r,���

/
S

dsẑ · �e�T
�n��r,�� 
 h� T

�n�*
�r,���

, �21�

here the domain of integration S is the transverse plane
nd E� in is the field incident on the fiber. Once the coeffi-
ients of the guided modes are determined, the field along
he entire fiber is known from Eq. (20). Therefore, to
tudy the MMI of a field in a multimode SIF with the
ode expansion approach, the first step is to perform
ode expansion of the incident field described by Eq. (21).
For an MMF used as an MMI component, it is neces-

ary that a number of guided modes are supported by the

Table 1. Normalized Orthogonality Coefficients
Nmn Based on OR I

HE18,21 HE18,22 EH18,21 EH18,22

E18,21 1.00 9.87
10−12 −9.00
10−13 −2.26
10−12

E18,22 9.86
10−12 1.00 −7.33
10−13 −3.47
10−12

H18,21 −9.97
10−13 −9.00
10−13 1.00 5.38
10−13

H18,22 −2.46
10−12 −3.76
10−12 5.39
10−13 1.00

Table 2. Normalized Orthogonality Coefficients
Nmn Based on OR II

HE18,21 HE18,22 EH18,21 EH18,22

E18,21 1.00 −3.86
10−5 −1.48
10−3 7.11
10−4

E18,22 −3.86
10−5 1.00 −9.97
10−3 −1.53
10−3

H18,21 −1.48
10−3 −9.97
10−3 1.00 −2.86
10−5

H18,22 7.11
10−4 −1.53
10−3 −2.86
10−5 1.00
ber. For example, the outer diameter (OD) 200 �m core-
ess fiber as described in [6] allows for more than 105

uided modes. Given the high mode density in such
MFs, it is impractical to directly implement the mode

xpansion described in Eqs. (20) and (21) in numerical
rocedures. A more efficient algorithm to perform the
ode expansion is to first identify a small subset of the

uided modes of an MMF according to the incident field
nd then expand the field based on these guided modes.
ore specifically, the algorithm must be capable of adap-

ively determining a proper subset of the guided modes
or expanding a given incident field. This is feasible, as
he guided modes of a fiber generally are not equally ex-
ited by an incident field; some modes are strongly excited
nd carry more power, while others are weakly excited.
herefore, in an adaptive algorithm, a proper subset of
uided modes for an incident field can be defined to con-
ist of those strongly excited guided modes. To systemati-
ally identify a subset of guided modes for a given inci-
ent field, it is important to simplify the representation of
he incident field and accordingly adopt a complete set of
uided modes defined in a suitable form.

Given the circular symmetry of multimode SIFs consid-
red in this study, the transverse components of an arbi-
rary incident field can be expanded in Fourier series as
ollows:

E� T
in�r,�,z = 0� = 	

l=−L

L

e�T
in�r;l�exp�il��, �22a�

H� T
in�r,�,z = 0� = 	

l=−L

L

h� T
in�r;l�exp�il��, �22b�

here L is the Fourier order corresponding to the highest
patial frequency of the incident field in the angular di-
ection. It is evident that fast Fourier transform (FFT) is
natural choice to perform the Fourier series expansions

n Eqs. (22a) and (22b) with high efficiency. Based on
hese expansions, it can be derived that

/
S

dsẑ · �E� T
in 
 H� T

in*
� = 	

l=−L

L

/
S

dsẑ · �e�T
in�r;l� 
 h� T

in*
�r;l��,

�23a�

Rz = ẑ · �E� T
in 
 H� T

in*
�/2, �23b�

here Rz is the z component of the complex Poynting vec-
or of the incident field. Equations (23a) and (23b) imply
hat the total power of the incident field in the z direction
s the sum of the powers of its Fourier components in the
ame direction. As a result, the percentage of the power of
ach Fourier component out of the power of the incident
eld can be determined systematically, and the set of the
ourier orders carrying most of the power can be identi-
ed accordingly. Consequently, a simplified representa-
ion of the incident field can be defined using its major
ourier components, i.e.,
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E� T
in�r,�,z = 0� 
 E� T

�s��r,�,z = 0� = 	
l�SL

e�T
in�r;l�exp�il��,

�24�

here SL is the subset formed by the major Fourier or-
ers. Note that the difference between the incident field
nd its approximation can be made desirably small by in-
luding more Fourier orders in the subset SL.

It is recognizable that the set of the guided modes de-
cribed in Section 2, with the orthogonality relation de-
ned in Eq. (15), is a suitable set for the mode expansion
pproach since (1) modes with ± angular orders fit natu-
ally in the context where the Fourier expansions of Eqs.
22a) and (22b) are used to represent an incident field,
nd (2) the Fourier component of the incident field with
he dependence of exp�il�� only excites the guided modes
ith the same angular dependence. Therefore, for the

implified incident field in Eq. (24), the complete set of
odes with ± angular orders allows for a suitable subset

f the modes to be systematically defined as consisting of
he ones with an angular order in subset SL. For ex-
mple, if the transverse component of an incident field is
eal and linearly polarized, it is known that in a cylindri-
al coordinate system, only the exp�±i�� terms are non-
ero in the Fourier series expansion of the components of
he incident field such as E� r

in�r ,� ,z=0�. Therefore, a suit-
ble subset of the guided modes to expand the incident
eld can be chosen to consist of modes with angular order
1, namely, the HE±1,m and EH±1,n modes.
According to the modal properties discussed in Section

, two integers l (positive or negative) and nl (positive)
an be used as mode numbers to label a guided mode in a
ircular SIF, where l denotes the mode having an angular
ependence of exp�il��. For example, TE0m and TM0n
odes are sorted in the descending order of their propa-

ation constants and are labeled as modes (0, n0). Simi-
arly, HElm and EHln modes are labeled as modes (l, nl).

ith this notation for labeling modes, the mode expan-
ion in Eq. (20) can be rewritten as [24]

E� T�r,�,z� = 	
l=−L

L

	
nl=1

Nl

Cl,nl
e�T

�l,nl��r�exp�i�l� − �l,nl
z��,

�25a�

nd the expansion coefficient is

Cl,nl
=

�
0

�

rdrẑ · �e�T
in�r;l� 
 h� T

�l,nl�
*
�r��

�
0

�

rdrẑ · �e�T
�l,nl��r� 
 h� T

�l,nl�
*
�r��

. �25b�

nlike in Eq. (21), where two-dimensional integrals are
nvolved, only two one-dimensional integrals need to be
valuated in Eq. (25b), indicating that the complexity in
alculating the expansion coefficients is greatly reduced.
his represents another advantage of using the combina-
ion of the Fourier series representation of an incident
eld and the set of the guided modes described in
ection 2.
Based on Eqs. (24), (25a), and (25b), the adaptive algo-
ithm for mode expansion, capable of analyzing MMI in
ighly MMFs, can be summarized as follows:

1. FFT is employed to obtain the Fourier series expan-
ion of an incident field. The percentage of the power of
ach Fourier component is determined and used to define
subset of the Fourier components SL that carry a desir-

ble percentage (e.g., 99.9%) of the total incident power,
ielding a simplified incident field of Eq. (24).

2. For Fourier order l in subset SL, Eq. (25b) is evalu-
ted to determine the expansion coefficients of the guided
odes with angular order l. With the orthogonality prop-

rties of the modes, it can be similarly derived that the
otal power carried by all the modes with angular order l
s the sum of the powers of individual modes (l, nl). As a
esult, a subset of the guided modes with angular order l,
enoted by SNl, can be defined by neglecting the modes
hat are weakly excited by the incident field.

3. Step 2 is repeated for each Fourier order in subset
L to obtain the mode expansion of the excited field in the
ber, i.e.,

E� T�r,�,z� � 	
l�SL

	
nl�SNl

Cl,nl
e�T

�l,nl��r�exp�i�l� − �l,nl
z��.

�26�

he error induced by using a subset of the guided modes
an be reduced to a desirable level by including more
odes in the subset.

. MULTIMODE INTERFERENCE IN FIBERS
ith the adaptive algorithm discussed in Section 3, the
ode expansion approach can be effectively employed to

nvestigate MMI in highly MMFs. In this section, the new
pproach is validated with two MMI-based applications:
1) using coreless fiber segments for in-phase supermode
election in MCF lasers [6,7], and (2) applying an SMF-
MF-SMF structure to design a refractometer sensor [4]

r a bandpass filter [5].

. Coreless Fibers for In-Phase Supermode Selection
t has been demonstrated in [6,7] that coreless fibers can
e utilized as mode-selection components to build mono-
ithic MCF lasers operating in the in-phase supermode. A
oreless fiber can be viewed as an SIF with a large glass
ore and an air cladding; hence, a large number of modes

ig. 1. (Color online) Two guided supermodes of the 19-core
CF: (a) HE11-like fundamental supermode and (b) TM01-like

igher-order supermode.
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re guided by the fiber. When a supermode of an MCF is
oupled into a coreless fiber, the supermode excites a
umber of guided modes of the coreless fiber, and there-

ore is subject to MMI. Different supermodes experience
ifferent types of MMI in coreless fibers, leading to the in-
hase supermode selection in MCF lasers [7]. To under-
tand the mode-selection properties of a coreless fiber, it
s important to simulate MMI or the propagating fields of
ifferent supermodes in the coreless fiber.
The 19-core MCF laser in [6] is analyzed to investigate

he mode-selection properties of the coreless fiber with an
D of 200 �m. First, a mixed high-order vector finite-

lement method [25] is employed to compute the guided
upermodes of the MCF with high accuracy. Two of the
uided supermodes, namely, an HE11-like fundamental
upermode and a TM01-like high-order supermode, are il-
ustrated in Figs. 1(a) and 1(b). Each supermode is then
oupled into the OD 200 �m coreless fiber, and the propa-
ation of the supermode inside the coreless fiber is simu-
ated to obtain the MMI. For comparison, the mode ex-
ansion approach developed in this study and the
ectorial FE-BPM [26] are employed to study the propa-
ation of a field along the coreless fiber independently.
he Padé approximant operator [27] is implemented in
he FE-BPM to allow for wide-angle beam propagation.
sing the fundamental supermode in Fig. 1(a) as the in-

ident field, the amplitude profiles of the electric field at
arious locations along the coreless fiber are determined

ig. 2. (Color online) Amplitude profiles of the field at distances
he fundamental supermode shown in Fig. 1(a) is the incident fi
ith the two approaches and are illustrated in Figs.
(a)–2(c) and Figs. 3(a)–3(c), respectively. The similarity
etween the amplitude profiles from the two different ap-
roaches implies that the mode expansion approach prop-
rly simulates the field propagation in the coreless fiber. A
areful examination of Figs. 2(a)–2(c) shows that as the
ropagation distance increases, the amplitude profiles ob-
ained with the FE-BPM become noisy and start to lose
ymmetry. This is due to the fact that for the BPM, the
umerical error accumulates with the propagation dis-
ance and contaminates the physical field in the coreless
ber. In the case of the mode expansion approach, the am-
litude profiles shown in Figs. 3(a)–3(c) are clear and pre-
erve the symmetry at all three distances. The reason is
hat for the mode expansion approach, the numerical er-
or is introduced only by neglecting the weakly excited
odes, and hence does not increase with the propagation

istance. The simulation with the mode expansion ap-
roach shows that for the fundamental supermode, more
han 99.8% of its total power is coupled to fewer than 220
uided modes of the coreless fiber, which are used to form
he mode expansion and generate the results in Figs.
(a)–3(c). It is also known that the computational cost for
he BPM is proportional to the propagation distance,
hile for the mode expansion approach, the cost is fixed.
ased on these facts, the mode expansion approach is
referable to the FE-BPM in cases where field propaga-
ion over a substantial distance is required.

00, (b) 500, and (c) 1000 �m along the coreless fiber, respectively.
d the FE-BPM is used to obtain the results.
of (a) 3
eld an
ig. 3. (Color online) Amplitude profiles of the field at distances of (a) 300, (b) 500, and (c) 1000 �m along the coreless fiber, respectively.
he fundamental supermode shown in Fig. 1(a) is the incident field and the mode expansion approach is employed here.
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The self-imaging properties of a field along a coreless
ber, due to MMI, can be quantified by an effective am-
litude reflection coefficient 	 [28], which is redefined
ere in vectorial form as

	�z� =
/

S

dsẑ · �E� T�r,�,z� 
 H� T
* �r,�,z = 0��

/
S

dsẑ · �E� T�r,�,z = 0� 
 H� T
* �r,�,z = 0��

. �27�

ith Eq. (26) and the mode orthogonality relation, Eq.
27) can be rewritten as

	�z� = 
 	
l�SL

	
nl�SNl

�Cl,nl
�2P�l,nl� exp�− i�l,nl

z�
 � TP,

�28a�

TP = 	
l�SL

	
nl�SNl

�Cl,nl
�2P�l,nl�, �28b�

P�l,nl� =�
0

�

rdrẑ · �e�T
�l,nl��r� 
 h� T

�l,nl�
*
�r��. �28c�

The coefficients 	 of the fundamental supermode in Fig.
(a) and the higher-order supermode in Fig. 1(b) are cal-
ulated as functions of the propagation distance z along
he coreless fiber and are shown in Figs. 4(a) and 4(b), re-
pectively. To compare the self-imaging properties of a su-

ig. 4. (Color online) Effective amplitude reflection coefficient 	
f (a) fundamental supermode in Fig. 1(a) or (b) higher-order su-
ermode in Fig. 1(b) as a function of the propagation distance z
long the OD 200 �m coreless fiber or a bulk medium of the same
efractive index as that of the coreless fiber, respectively.
ermode in a coreless fiber with those in a Talbot cavity
28–30], the two supermodes are also propagated in a
ulk medium (i.e., a Talbot cavity) with the same refrac-
ive index as that of the coreless fiber. The corresponding
oefficients 	 are calculated with the vectorial diffraction
heory and are illustrated in Figs. 4(a) and 4(b) with
ashed black curves. For each supermode, the results
how that when the propagation distance is less than a
ritical value, the self-imaging properties of the super-
ode in the coreless fiber are the same as those in the

albot cavity. This is physically consistent since a super-
ode can be considered as being composed of spatially

istributed beams, with each beam located at a corre-
ponding core of the MCF laser. If each beam propagates
short distance, the diffracted beam is inside the lateral

oundary of the coreless fiber, implying that the propaga-
ion of the beam in the coreless fiber is not affected by the
ateral boundary of the fiber; therefore, it is the same as
hat in the bulk medium. When the propagation distance
xceeds the critical value, the self-imaging properties of
he supermode in the coreless fiber start to deviate from
hose in the Talbot cavity. This is due to the fact the dif-
racted beams in a supermode are larger than the lateral
ize of the coreless fiber, causing the propagated field of
he supermode in the coreless fiber to be different from
hat in the bulk medium.

In [7], the effective amplitude reflection coefficients 	 of
ll guided supermodes are calculated with the mode ex-
ansion approach to investigate the mode-selection prop-
rties of the OD 200 �m coreless fiber segment in a 19-
ore MCF laser. Based on the coefficients 	, it is predicted
hat in the MCF laser, the in-phase supermode selection
an only be achieved with the coreless fiber segment
ithin a certain length range. If the coreless fiber is

onger than a critical value, the in-phase supermode se-
ection cannot be realized. The experimental results in [7]
how that the in-phase supermode selection is obtained
or the MCF laser with a coreless fiber segment of
660 �m (i.e., the equivalent propagation distance z along
he coreless fiber is 3320 �m). When a coreless fiber with
longer length of 3380 �m (i.e., z is 6760 �m) is utilized

n the MCF laser, the beam quality of the laser deterio-
ates and the MCF laser is not operating in the in-phase
upermodes. To investigate how the numerical simula-
ions compare with the experimental results, the coeffi-
ients 	 of all guided supermodes at the propagation dis-
ances of 3320 and 6760 �m are illustrated in Fig. 5. As it
s shown, the two in-phase supermodes have the largest

ig. 5. (Color online) Coefficients 	 of all guided supermodes of
he MCF laser at the propagation distances of 3320 and 6760 �m
long the coreless fiber segment.
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oefficients 	 among all guided supermodes at 3320 �m,
ndicating that the in-phase supermodes are favored by
he MCF laser. However, at 6760 �m, eight high-order
uided supermodes have larger coefficients 	 than the in-
hase supermodes, with high-order modes favored by the
CF laser. This indicates that the numerical prediction is

n good agreement with the experiment data. In the case
f a Talbot cavity, numerical simulations show that for
he MCF laser, the in-phase supermodes are favored as
ong as the cavity length is beyond a critical value (see
imilar results in [29,30]). Therefore, it can be concluded
hat for long cavity length, the physical mechanism for
he mode selection with a coreless fiber is dominated by
he MMI effect and is fundamentally different from that
tilizing a Talbot cavity.

. Self-Imaging in a Multimode Fiber
n [4,5], the MMI and self-imaging of optical fields in the
MF segment of an SMF-MMF-SMF structure is utilized

o design an all-fiber refractometer sensor and an all-fiber
andpass filter, respectively. Although the numerical
chemes employed in [4,5] to obtain the optimum designs
re suitable for the designs with circular symmetry, they
re not applicable to studying the effect of a misalignment
etween the SMF and MMF segments. In this section, the
ode expansion approach developed in Section 3 is ap-

lied to analyze the effect of a misalignment on the self-
maging in an MMF segment.

In the SMF-MMF-SMF structure studied here, the
orning SMF-28 is used as the input and output SMFs
nd a coreless fiber with an outer diameter of 62.5 �m is
sed for the MMF. The refractive indices of the core and
he cladding, denoted by ncore and nclad, and the core ra-
ius acore of each fiber are listed in Table 3. It is assumed
hat the field propagating along the input SMF is the
E11 mode of the fiber with its transverse component of

he electric field linearly polarized in the vertical (or y) di-
ection, as illustrated in Fig. 6(a). As a reference case, the
enters of the SMF and MMF segments are considered as
eing perfectly aligned, and the mode expansion approach
s employed to calculate the coefficient 	 of the field in the

MF segment as a function of distance z along the MMF,
s illustrated by the solid black curves in Figs. 7(a) and
(b). The computed 	�z� shows that the first self-imaging
osition of the HE11 mode incident on the MMF is at the
istance of 58.412 mm along the MMF, where the coeffi-
ient 	 has a maximum value of 93%. It can be easily de-
ived that the coupling efficiency 
 in Eq. (3) of [5] equals
2, yielding a coupling efficiency of 86% for an MMF seg-
ent of 58.412 mm. Note that the amplitude of the elec-

ric field at the self-imaging position, as illustrated in Fig.
(b), is not circularly symmetric. This is due to the fact
hat the field coupled into the MMF segment is linearly

Table 3. Parameters for the SMF-MMF-SMF
Structure at the Wavelength of 1.55 �m

ncore nclad

acore
��m�

MF31,32 1.44924 1.44402 4.2
MF 1.44402 1.0 62.5
M

olarized in the vertical direction and, therefore, experi-
nces noncircularly symmetric Fresnel reflection at the
nterface between the core and cladding of the MMF, lead-
ng to the break of the circular symmetry in the ampli-
ude of the field. It is clear that the polarization effect
hown in Fig. 6(b) cannot be obtained with the scalar ap-
roaches in [4,5], where the field in the MMF is always
ircularly symmetric.

ig. 7. (Color online) Coefficient 	 of the field in the MMF seg-
ent of the SMF-MMF-SMF structure as a function of the propa-

ation distance z. The solid curves are for the perfectly aligned
tructure, and the dash-dot curves are for the misaligned struc-
ure. The dashed curve corresponds to the coefficient 	 of the
eld in a bulk medium of the same refractive index as that of the

ig. 6. (Color online) (a) HE11 mode of the SMF segment of the
MF-MMF-SMF structure and (b) the amplitude of the field at
he self-imaging position along the MMF segment of the perfectly
ligned SMF-MMF-SMF structure.
MF core.
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The effect of a misalignment between the SMF and
MF segments is studied by analyzing a misaligned

tructure where the centers of the SMFs are shifted by
�m with respect to the center of the MMF in the hori-

ontal (or x) direction. The coefficient 	 of the field in the
MF segment is similarly calculated and illustrated by

he dash-dot blue curves in Figs. 7(a) and 7(b). For com-
arison, the HE11 mode in Fig. 6(a) is also propagated in a
ulk medium of the same refractive index as the MMF,
nd the coefficient 	 of the field in the bulk medium is cal-
ulated with the vectorial diffraction theory and is shown
y the dashed red curve in Fig. 7(a). Similar to Figs. 4(a)
nd 4(b), the perfect overlap among the lines of the three
ifferent structures at short propagation distances indi-
ates that the results obtained from the mode expansion
pproach are physically consistent and intelligible. It can
e observed that when the propagation distance is beyond
critical value, the coefficient 	 for the misaligned struc-

ure deviates from that for the aligned structure. Al-
hough a small misalignment between the SMF and MMF
egments shifts the self-imaging position by a relatively
mall amount, as shown in Fig. 7(b), the maximum coef-
cient 	, occurring at the self-imaging position, is greatly
educed.

To further demonstrate the polarization effect on MMI
n the MMF segment of a misaligned structure, the center
f the input SMF segment is shifted away from the center
f the MMF in either the horizontal �x� direction or the
ertical �y� direction. In each case, the coefficient 	 at the
elf-imaging position is calculated as a function of the off-
et between the centers of the input SMF and MMF seg-
ents and is shown in Fig. 8. The figure shows that for

he same amount of misalignment in the range consid-
red, better self-imaging is always obtained for the
-misaligned structure than the x-misaligned structure.
t is clear that this polarization effect on MMI has to be
esolved with vectorial approaches.

Based on the two examples presented in this subsec-
ion, it can be concluded that the mode expansion ap-
roach developed in this study is a valuable tool that is
apable of analyzing and designing MMFs for MMI-based
pplications. Considering that the mode expansion ap-
roach essentially uses a complete set of guided modes of
MMF, the field incident on the fiber can have complex

olarization and amplitude distribution.

ig. 8. (Color online) Coefficient 	 at the self-imaging position
s a function of the offset between the centers of the input SMF
nd MMF segments.
. CONCLUSION
n this paper, the mode expansion approach in vectorial
orm, using a complete set of guided modes of a circular
ultimode SIF, is developed and employed to study the
MI of optical fields in MMFs for the first time, to the

est of our knowledge. The properties of the characteristic
quations that govern the propagation constants of
uided modes are investigated, and a set of simplified for-
ulas for the EM fields of modes with given propagation

onstants is introduced to systematically calculate the
uided modes of a SIF with numerical procedures. Guided
odes with negative angular orders, which are largely
issing in literature, are adequately explored to develop
complete set of guided modes of a SIF necessary for the
ode expansion approach. To facilitate the calculation of

he mode expansion coefficients, a proper orthogonality
elation between the guided modes of SIFs is identified
nd further validated numerically.
Based on the modal properties of an SIF and the or-

hogonality relation between guided modes, an adaptive
lgorithm designed for highly MMFs is derived to system-
tically and efficiently perform the mode expansion of op-
ical fields in MMFs. The mode expansion approach is fur-
her employed to analyze the two MMI-based
omponents—the coreless fiber segment in a monolithic
CF laser and the MMF segment in an SMF-MMF-SMF

tructure. For the cases that can be treated by FE-BPM
nd the diffraction theory, an excellent agreement is ob-
erved among the results from the mode expansion ap-
roach, the FE-BPM, and the diffraction theory. In addi-
ion, the mode-selection properties of the coreless fibers in
CF lasers, predicted by the mode expansion approach,

re in good agreement with experimental observations.
ith the complete set of guided modes effectively utilized,

ncident fields are allowed to have complex polarization
nd amplitude distributions. As a result, the mode expan-
ion approach developed in this study can resolve the po-
arization effect on MMI that cannot be captured by sca-
ar approaches, providing a valuable tool for analyzing
nd designing MMFs for MMI-based applications.
Compared with other mode expansion approaches

here circularly symmetric scalar modes are used and ex-
ansion coefficients are determined by evaluating one-
imensional integrations, the mode expansion approach
resented here, although a vectorial one, also involves
nly one-dimensional integration with no significant in-
rease in complexity and computational cost. It is worth
oting that the concept of the adaptive mode expansion
lgorithm presented in this paper can be applied to other
ystems such as circularly symmetric gradient-index fi-
ers.

PPENDIX A
n this section, the properties of the right sides of Eqs.
2a) and (2b) are discussed for EH and HE modes with an-
ular order l greater than 1. To facilitate the derivation of
he properties, Eqs. (2d) and (2e) are geometrically illus-
rated in Fig. 9, where the line segment n2k0 is perpen-
icular to the plane formed by line segments h and q.
The right side of Eq. (2a) can be expressed as
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RHSEH�ha� = − RA + RB − R, �A1a�

RA = −
n1

2 + n2
2

2n1
2

Kl��qa�

qaKl�qa�
=

n1
2 + n2

2

2n1
2 � l

�qa�2 +
Kl−1�qa�

qaKl�qa�� � 0,

�A1b�

RB = l/�ha�2. �A1c�

hen ha holds a value within the range of �0,V�, RHSEH
s less than 0, since

RHSEH�ha� = − RA + RB − R � RB − R

�
l

�ha�2 −
l�

n1k0
� 1

�qa�2 +
1

�ha�2�
= − �1 −

sin2 �

1 + cos �
� l

q2a2 � 0. �A2a�

hen ha approaches the boundaries of range �0,V�,
HSEH takes an asymptotic form as follows:

lim
ha→0

RHSEH�ha� = lim
ha→0

�− RA + RB − R��− RA + RB + R�

�− RA + RB + R�

= −
n1

2 + n2
2

2n1
2 � 2l

V2 +
Kl−1�V�

VKl�V� � , �A2b�

lim
ha→V

RHSEH�ha� � lim
ha→V

�− RA� = lim
qa→0

�− RA� → − � .

�A2c�

imilarly, the right side of Eq. (2b) can be expressed as

RHSHE�ha� = RA + RB − R. �A3�

hen ha holds a value within in the range of �0,V�,
HSHE is less than 0, since

RHSHE�ha� = RA + RB − R = I/�RA + RB + R�,

�A4a�

I = �RA + RB − R��RA + RB + R� = I + I , �A4b�

Fig. 9. Graphical representation of Eqs. (2d) and (2e).
1 2
I1 =
l2

�ha�4 − � l�

n1k0
�2� 1

q2a2 +
1

h2a2�
+ �1 +

n2
2

n1
2� l2

�ha�2�qa�2 +
n2

2

n1
2

l2

�qa�4

=
l2

�qa�4�− �2 sin2 �

sin2 �
− 1 −

sin4 �

sin2 �
�

+ � sin2 �

sin2 �
− 1��2 − sin2 �� + �1 − sin2 ��� = 0,

2 =
Kl−1�qa�

qaKl�qa�� l

�ha�2 +
n2

2

n1
2� l

�ha�2 +
2l

�qa�2 +
Kl−1�qa�

qaKl�qa���
� 0. �A4c�

hen ha approaches the boundaries of range �0,V�,
HSHE takes an asymptotic form as follows:

lim
ha→0

RHSHE�ha� = lim
ha→0

I

�RA + RB + R�
=

n1
2 + n2

2

2n1
2

Kl−1�V�

VKl�V�
,

�A5a�

lim
ha→V

RHSHE�ha� = lim
qa→0

I

�RA + RB + R�

= lim
qa→0

−
2n2

2

n1
2 + n2

2 ln�qa�

→ + � for l = 1, �A5b�

lim
ha→V

RHSHE�ha� =
1

l − 1

n2
2

n1
2 + n2

2 for l � 1. �A5c�

ote that two limiting properties of Kl�x� [15,33,34],

K0�x�/�xK1�x�� → − ln x, �A6a�

Kl−1�x�/�xKl�x�� → − 1/�2�l − 1�� �A6b�

or x approaching 0, are employed in these derivations.

PPENDIX B
he orthogonality properties of the guided modes of a gen-
ralized bidirectional SIF, as illustrated in Fig. 10, are

Fig. 10. Schematic of the cross section of a generalized SIF.
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iscussed in this section. In Fig. 10, S1 and S2 correspond
o the core and cladding regions of the step-index fiber, re-
pectively; C is the interface between S1 and S2, going
ounterclockwise; and n̂ is the unit outward normal. Let
E� �n�, H� �n�) and (E� �m�, H� �m�) be two linearly independent
olutions to Maxwell’s equations for monochromatic fields
f frequency �; the Lorentz reciprocal principle can be ex-
ressed in a differential form as follows [21]:

� · �E� �n� 
 H� �m� − E� �m� 
 H� �n�� = 0, �B1�

here no free or bond charge is present in the system. If
� �n� and H� �n� are the EM fields of the normal mode n of
he fiber in Fig. 10, they can be written as [16,19,21,22]:

E� �n� = E� T
�n� + E� z

�n�ẑ = �e�T
�n��x,y� + ez

�n��x,y�ẑ�exp�− �nz�,

�B2a�

H� �n� = H� T
�n� + H� z

�n�ẑ = �h� T
�n��x,y� + hz

�n��x,y��exp�− �nz�,

�B2b�

here the subscript T denotes the transverse component
nd �n is a complex number (or a purely imaginary num-
er for a lossless fiber). Note that the modes considered
ere are confined in the x–y plane. For normal modes m
nd n, Eq. (B1) reduces to

�T · �E� �n� 
 H� �m� − E� �m� 
 H� �n��

= ��n + �m�ẑ · �E� �n� 
 H� �m� − E� �m� 
 H� �n��. �B3�

ith the two-dimensional form of the divergence theo-
em, Eq. (B3) can be written in an integral form as

��n + �m�
/

s1+s2

dS�E� �n� 
 H� �m� − E� �m� 
 H� �n�� · ẑ

=�
C

dl��E� �n�H� �m� − E� �m� 
 H� �n���1�

− �E� �n� 
 H� �m� − E� �m� 
 H� �n���2�� · n̂, �B4�

here the superscripts (1) and (2) represent the fields in
he regions of S1 and S2, respectively. With the relation of

�E� �n� 
 H� �m�� · n̂ = �E� T
�n� 
 Hz

�m�ẑ + Ez
�n�ẑ 
 H� T

�m�� · n̂,

�B5�

nd the continuity of the tangential components of the
elds along the interface C, the right side of Eq. (B4) re-
uces to

RS =�
C

dl��E� T
�n��1� − E� T

�n��2��Hz
�m� − �E� T

�m��1� − E� T
�m��2��Hz

�n��


 ẑ · n̂. �B6�

iven that

E� T
�n��1� − E� T

�n��2� = �ETN
�n��1� − ETN

�n��2��n̂, �B7�

here N in the subscript denotes the component of the
ransverse field in the direction of n̂, Eq. (B6) reduces to
RS =�
C

dl��ETN
�n��1� − ETN

�n��2��n̂Hz
�m� − �ETN

�m��1� − ETN
�m��2��n̂Hz

�n��


 ẑn̂ = 0. �B8�

he combination of Eqs. (B2a), (B2b), (B4), (B6), and (B8)
eads to the final result of

��n + �m�
/

s1+s2

dS�e�T
�n� 
 h� T

�m� − e�T
�m� 
 h� T

�n�� · ẑ = 0.

�B9�

hen, Eq. (14) is obtained for bidirectional waveguides (fi-
ers) by following the same procedure in [21], with the in-
egration region S replaced by regions S1 and S2.

For lossless fibers, the Lorentz reciprocal principle can
e written as

� · �E� �n� 
 H� �m�* + E� �m�* 
 H� �n�� = 0, �B10�

nd Eq. (15) can be similarly derived. Note that Eqs. (14)
nd (15) are both valid for lossless fibers since they are
utomatically bidirectional [22]. For a fiber with loss or
ain, bidirectionality can be ensured by specific spatial
ymmetries of the fiber. Interested readers are referred to
22] for details on bidirectionality.

It needs to be pointed out that the derivation for Eqs.
14) and (15) is valid for modes m and n with �m��n (or
ondegenerate modes). For a set of degenerate modes of a

ossless fiber, an independent set of modes can be formed
y linear superposition of the modes in the original set so
hat Eqs. (14) and (15) can be selectively satisfied by the
odes in the new set [23].
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