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Enhanced coupled-nonlinear equations are introduced for full compensation of cross-phase modulation
and partial compensation of four-wave mixing (FWM) via split-step digital backward propagation. Com-
pared to full FWM compensation, the new backward propagation equations provide a significant reduc-
tion in the number of steps required in the split-step method. This increased step size together with more
relaxed sampling requirements reduced the computational load by more than a factor of 20. © 2009
Optical Society of America

OCIS codes: 060.1660, 060.4370.

1. Introduction

In long-haul fiber transmission systems, fiber chro-
matic dispersion, Kerr nonlinearity, and amplifier
noise are responsible for signal degradation, limiting
the transmission capacity. Recently, electronic pre-
compensation and/or postcompensation of trans-
mission impairments have attracted significant at-
tention due to the fast development of coherent de-
tection and digital signal processing (DSP), which
constitute the enabling technologies for electronic
impairment compensation [1,2]. Among all the trans-
mission impairments, interchannel nonlinearities
play a major role in limiting the performance of
wavelength division multiplexing (WDM) systems.
Impairment postcompensation can be electronically
implemented by reversing the linear and nonlinear
distortions experienced through fiber transmission
[2]. In order to do so, the optical field is backward pro-
pagated by implementing, in the digital domain, the
numerical method for solving the backward propaga-
tion equations. One of the fundamental challenges in

the DSP implementation of backward propagation is
the reduction of the computational load. In this
paper, a system of enhanced coupled (EC) nonlinear
Schrödinger equations (NLSEs) is proposed to fully
compensate for cross-phase modulation (XPM) and
partially compensate for four-wave mixing (FWM).
A 24 × 100Gbit=s 16-QAMWDM system has been si-
mulated, where postcompensation using EC-NLSEs
is compared with full XPMþ FWM compensation
using the total field NLSE. Transmission perfor-
mance and computation efficiency are analyzed in
both cases.

2. XPM and FWM Postcompensation using
Backward Propagation

In a coherently detected system, a full reconstruction
of the optical field can be achieved by beating the re-
ceived field with a co-polarized local oscillator. The
reconstructed field will be used as the input for back-
ward propagation in order to compensate for the
transmission impairments. Let Êm be the field envel-
ope of the mth received channel, where m ¼
f1; 2; ;Ng and N is the total number of channels.
The reconstructed total optical field is given by
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E ¼
XN
m¼1

Êm expðimΔωtÞ; ð1Þ

whereΔf ¼ Δω=2π is the channel spacing. The total-
field backward propagation equation (T-NLSE) is
given by [3]
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where βj represents the jth-order dispersion, α is the
absorption coefficient, γ is the nonlinear parameter,
and t is the retarded time frame. Equation (2) gov-
erns the backward propagation of the total field
including second- and third-order dispersion com-
pensation and the full compensation of self-phase
modulation (SPM), XPM, and FWM.
Alternatively, the effect of FWM can be omitted in

backward propagation by introducing the field
expression in Eq. (1) into Eq. (2), expanding the non-
linear term, and neglecting the so-called FWM
terms, that is [3,4],
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where p is the derivative order and the coefficients
Kpm are given by

K1m ¼ mβ2Δω −
1
2
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1
6
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The system of coupled equations (C-NLSEs), given
by Eq. (3), describes the backward evolution of the
baseband WDM channels where dispersion, SPM,
and XPM are compensated.
Equations (2) and (3) are solved in the digital do-

main by the well-known split-step Fourier method
(SSFM) [3]. From the computational perspective,
two fundamental parameters have to be considered
when assessing the computation requirements for
T-NLSE/C-NLSEs approaches. These parameters
are the sampling rate and the SSFM step size. For
postcompensation using T-NLSE, each detected
channel has to be upsampled so that the bandwidth
of the reconstructed full-optical field is wide enough
to avoid aliasing of newly generated FWM products.
This constraint is made explicit by the following
relation for the sampling rate:

ST-NLSE ¼ 2
NΔf
B

; samples=symbol; ð5Þ

where B the symbol rate per channel. The above for-
mula forces the sampled bandwidth to be twice the
optical WDM bandwidth. Alternatively, XPM com-
pensation using C-NLSEs does not create new fre-
quency components. Hence, an accurate backward
propagation can be performed under the Nyquist
limit, i.e., using 2 samples per symbol. Together with
the sampling rate, the SSFM step size is of utmost
importance when computational efficiency is consid-
ered. In [4], a detailed analysis of the step size
requirements for both XPM and XPMþ FWM com-
pensation is performed, showing that correct FWM
postcompensation requires remarkably smaller step
sizes compared to XPM compensation, which trans-
lates into a higher computational load.

3. Enhanced Coupled Equations and Partial FWM
Compensation

Due to the step size and sampling requirements,
FWM compensation requires a large amount of
calculation compared to XPM compensation only.
However, for low dispersion regimes, FWM can sub-
stantially impair the signal due to an increased de-
gree of phase matching. In this paper, we propose a
method for the partial compensation of FWM using
an enhanced system of coupled equations, where
FWM interaction is compensated on a channel-by-
channel basis, by considering the nonlinear mixing
of the neighboring channels. In this vein, Eq. (3)
can now be rewritten as
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∂Êm

∂z
þ α
2
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where
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The above system of equations, Eq. (6), will be
referred to as enhanced coupled equations (EC-
NLSEs), where F2 represents the FWM interaction
of two neighboring channels and F4 includes the in-
teraction of four neighboring channels. Although
only a small number of FWM terms are considered
in Eq. (6), these terms are highly phase matched
and improved results are expected without signifi-
cant increase of computational load (note that in
the SSFM the dispersive term requires the highest
computational load). The SSFM implementation of
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Eq. (6) is done in a perturbative manner, where the
nonlinear operator (see for example [3,4]) for the jth
step is approximated by

Êjþ1
m ¼ Êj

m expðiγjÊj
mj2hÞ þ hðFj

2m þ Fj
4mÞ: ð9Þ

Figure 1 depicts a block diagram of the SSFM step for
the EC-NLSEs. The diagram represents the imple-
mentation of the jth step for the asymmetric SSFM
[3] including the perturbative FWM terms, where
PðxÞ ¼ jxj2, EðxÞ ¼ expðiγhxþ hα=2Þ, DmðxÞ ¼
F−1½HmF ðxÞ�, and

HmðωÞ ¼ exp
��
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6
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h

�
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Equation (9) is valid provided that the FWM con-
tribution to the fields evolution is slow within the
SSFM step. In general and for WDM systems, the
SSFM step size is limited by dispersive effects. In
[4], it is shown that the step size for XPM compensa-
tion is limited by the walk-off length, whereas the
dispersive phase mismatch limits the step size for
FWM compensation. In this context, it is shown that
FWM phase-mismatch length scales with the inverse
square of the total optical bandwidth whereas the
walk-off length scales with inverse of the total optical
bandwidth. For a large number of channels, FWM re-
quires a much smaller step size to be able to follow
the changes of the optical field induced by the non-
linear mixing of the fields. In the EC-NLSEs case,
only FWM between neighboring channels is consid-
ered. Therefore, the effective optical bandwidth is
drastically reduced as well as the degree of phase
mismatch, which yields a larger phase-mismatch
length. As a consequence, if the number of neighbor-
ing channels is a small fraction of the number of
WDM channels interacting through XPM, the
phase-mismatch length becomes larger than the
walk-off length. This ensures that the field variations

due to XPM are faster than the variations due to
FWM allowing the perturbative expression given
by Eq. (9).

4. Simulation Results and Discussion

Figure 2 depicts the simulated transmission system
showing the postprocessing stages for the different
compensation schemes. A 24-channel 16-QAM
WDM system modulated at a bit rate of
100Gbits=s has been simulated in a fiber link con-
sisting of 10 spans of 100km=span. The optical fiber
has the following parameters: dispersion parameter
D ¼ 2ps=km=nm, dispersion slope Ds ¼
0:045ps=km=nm2, loss α ¼ 0:2dB=km, and nonlinear
coefficient γ ¼ 1:46 =W=km. A noise figure of 5dB is
considered for the erbium-doped fiber amplifiers.

After transmission and coherent detection, the
baseband complex envelopes are obtained from the
in-phase and quadrature outputs of an optical hybrid
(more details of the coherent receiver can be found in
[2]). For XPMþ FWM compensation using T-NLSE,
the channels are upsampled and upconverted to its
corresponding frequency band. Subsequently, the
channels are combined and backward propagated
using Eq. (2). Finally, electronic demultiplexing is
performed. In the (C, EC)-NLSEs cases, backward
propagation is performed directly using the channels
at baseband. Hence, upconversion, upsampling, and
demultiplexing are not required. As shown in Fig. 2,
a set of local oscillators (LOs) is used for coherent de-
tection and reconstruction of each WDM channel.
Since FWM is a phase-sensitive process, the relative
phase of the WDM channels has to be known for any
backward propagation scheme that involves total or
partial FWM compensation. From a hardware point

Fig. 1. (Color online) Block diagram of the SSFM step imple-
menting the EC-NLSEs.

Fig. 2. (Color online) Scheme of the WDM transmission and
digital postprocessing stages for backward propagation implemen-
tation using T-NLSE and (C, EC)-NLSEs. MUX, multiplexer;
DEMUX, demultiplexer.
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of view, and as discussed in [2], the phases of the LOs
have to be locked to preserve the relative phase of the
reconstructed WDM channels after coherent detec-
tion. A set of phase-locked LOs can be created by
techniques used for frequency comb generation
(see, for example, [1]). In addition, phase tracking
among the recovered optical fields of these WDM
channels is needed.
Figure 3 shows simulation results comparing

T-NLSE, EC-NLSEs, and C-NLSE for backward pro-
pagation. In terms of performance, it is shown that
postcompensation of interchannel nonlinearities
substantially increases the performance with respect
to dispersion compensation only. Additionally, full
FWM compensation increases the maximum Q value
by around 2dB with respect to XPM compensation
only (C-NLSEs). This difference can be reduced using
the EC-NLSEs system, where at least four neighbor-
ing channels have to be included to achieve substan-
tial improvement. In Fig. 4, the Q value of the WDM
channels is shown for each postcompensation case.
For the C-NLSEs case, it is observed that the penalty
increases for the central channels due to a higher
density of newly generated FWM products [5]. How-
ever, including five-channel FWM interaction
through EC-NLSEs, FWM is partially compensated,
improving the overall performance. Figure 5 shows
the Q value versus the step size where vertical lines
indicate the optimum step size for each case, i.e.,
hT-NLSE ¼ 167m and hðC;ECÞ-NLSE ¼ 2km. As ex-
pected, due to the reduced bandwidth of the FWM
interaction, the EC-NLSEs system does not require
a reduced step size, which remains limited by the
walk-off length.
In order to quantify computation requirements,

the following figure of merit can be defined,
C ¼ neq × S=h, where neq is the number of backward
equations to be solved, S is the sampling rate,

and h is the step size. According to the sampling
requirements (previously introduced) and the
required step sizes, the following values are
obtained for each postcompensation case, i.e.,
CT-NLSE ¼ 575 samples=symbol=km, CðC;EÞ-NLSE ¼
24 samples=symbol=km. Clearly, full FWM compen-
sation using T-NLSE requires an extraordinary
amount of computation resources compared to EC-
NLSEs, which requires∼24 times fewer calculations.
In addition to the computational cost, the parallel
character of the (C, EC)-NLSEs cases may have an
important impact in the DSP implementation, giving
rise to a remarkable decrease in the system latency.

We have seen that together with the SSFM step
size, the sampling requirements for FWM play a fun-
damental role in the computation efficiency for back-
ward propagation. To quantify the role of the
sampling rate in the system performance, Fig. 6
shows theQ values per channel, for the T-NLSE com-
pensation scheme, at two different sampling rates,
i.e., higher and lower than the theoretical limit given

Fig. 3. (Color online) Performance versus power for the different
postcompensation cases, where EC-NLSEs(2, 4) represents
the EC-NLSEs with (2, 4) neighboring channels (the Q value is
averaged over all the WDM channels). Additionally, results for
dispersion compensation (DC) only are shown.

Fig. 4. (Color online) Distribution of Q values with WDM
channels (power=channel ¼ 0:2dBm).

Fig. 5. (Color online) AveragedQ value as a function of the SSFM
step size for the respective optimum powers.
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by Eq. (5), i.e., ST-NLSE ¼ 96 samples=symbol. It is
shown that, at a low sampling rate, the edge chan-
nels are distorted due to errors in the estimation
of FWM products. During transmission in the physi-
cal domain, FWM products are created outside the
WDM channels. These products are usually small,
inducing a negligible channel distortion. Although
these newly generated waves can be coherently de-
tected and backward propagated together with the
WDM channels, simulations demonstrated that its
contribution does not improve the performance in
a significant way. Similarly, digital backward propa-
gation creates FWM outside the WDM band. In this
case, an insufficient sampling will create aliasing,
making the FWM products to fall into the WDM
channels. These aliased FWM products are mixed
with the channels and propagated under a different
phase-matching condition. This artificially increases
the FWM efficiency and induces channel distortion.
In contrast, when the sampling rate is increased, i.e.,
S > ST-NLSE, aliasing is prevented. Here, the newly
generated waves, now located outside the WDM
band, propagate under realistic phase-matching

conditions, which prevents any artificially induced
FWM enhancement. Therefore, as in the physical
domain, the WDM channels are not distorted
by out-of-band products, as is shown in Fig. 6
for S ¼ 128 samples=symbol.

5. Conclusion

A set of enhanced coupled NLSEs has been used for
full postcompensation of interchannel XPM together
with partial compensation of FWM. Simulation re-
sults show that FWM can be partially compensated
with a negligible increase on the computational load
with respect to XPM compensation only. The results
have been compared with full XPM+FWM compensa-
tion using the total-field NLSE, showing that post-
compensation using EC-NLSEs incurs a Q-value
penalty of 1dB due to the partial compensation of
FWM. However, by considering both sampling and
step size requirements of the split-step Fourier meth-
od, postcompensation using partial FWM compensa-
tion can be 20 times more efficient in terms of
computational cost.

E. F. Mateo acknowledges a Postdoctoral fellow-
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cion, Government of Spain.
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