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Abstract: It is shown experimentally that impairments induced by dispersion and Kerr
nonlinearity can be compensated digitally for polarization-division multiplexed wavelength
division multiplexing (WDM) transmission. The method of digital backward propagation
based on solving the Manakov equation can be used to efficiently compensate for the
nonlinear interactions between orthogonally polarized channels.

Index Terms: Coherent optical communication, polarization-mode dispersion, polarization-
dependent loss, four-wave mixing.

1. Introduction
Recently, coherent detection opened new venues for long-haul optical communication systems.
Among these are the possibility of using higher order modulation formats [1]–[4], the ability to pack
channels more tightly using orthogonal frequency-division multiplexing and orthogonal wavelength-
division multiplexing [5]–[7]. It was noticed early on that since coherent detection provided the
complete information about the electric field including its intensity, phase and even polarization, the
fiber-induced linear impairments such as dispersion could be eliminated using digital signal pro-
cessing [8], [9]. Dispersion, being a linear and scalar impairment, can be compensated in a single
step, which is commonly referred to as lumped compensation [10]–[17]. Subsequently it was shown
that if the dispersion of the fiber was small enough, even the impairments caused by the Kerr
nonlinearity which is often data dependent could be compensated [18]–[23]. However, in the more
general case where both dispersion and nonlinearity have appreciable impact on the signal, these
impairments cannot be removed in a single step. The accumulation of dispersion and nonlinearity
and their impact on one another has to be followed throughout the transmission giving way to the
distributed compensation [24]–[27]. Recently it was shown experimentally that the digital backward
propagation (DBP) method based on solving the nonlinear Schrodinger (NLS) equation using the
split-step method (SSM) can be used successfully to undo the combined effect of dispersion and
nonlinearity [25], [28]. In the spirit of the SSM, DBP is distributed. However, in previous experi-
mental demonstrations, all the channels had the same polarization, and solving the scalar nonlinear
equation was adequate. In this paper, we demonstrate that the same principles can be applied to
polarization-division multiplexed (PDM) wavelength division multiplexing (WDM) systems. The
nonlinear interactions between channels that have the same polarization as well as different
polarizations can be undone by solving the Manakov equation instead of the scalar NLS.

Vol. 1, No. 2, August 2009 Page 144

IEEE Photonics Journal Nonlinear Impairment Compensation



The major advantage of using digital compensation over all optical methods such as the mid-link
optical phase conjugation is its flexibility. DBP does not require any symmetry on the link. The
system parameters such as amplification scheme, amplifier spacing, dispersion or nonlinearity maps
can be arbitrary, and can be changed arbitrarily over the lifetime of the link. Also, in the noiseless
case, DBP can compensate all impairments exactly where as mid-link phase conjugation cannot.

In WDM systems, as the signal power is increased, individual channels suffer from self-phase
modulation, and due to the presence of neighboring channels they suffer from cross-phase modula-
tion and also four-wave mixing [29]–[34]. Self- and cross-phase modulation induce data-dependent
chirp. Four-wave mixing on the other hand causes data-dependent power transfer between the
channels. Because of dispersion, a given bit can interact with a number of bits in the other channels
throughout the transmission. The combined effect of nonlinear interactions coupled with dispersion
manifests as noise at the receiver. However, unlike the amplified spontaneous emission (ASE)
noise, this noise is deterministic and therefore it can be removed given enough resources.

2. DBP for PDM WDM
The contribution of these nonlinear processes depends on several parameters such as signal
power, fiber dispersion, channel spacing, and the state of polarization [32], [33]. If all the channels
have the same polarization during transmission, dependence on polarization can be neglected as it
was demonstrated in a recent experiment [28]. In this case, the scalar form of NLS describes the
evolution of electric field in fibers [34]:
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where A is the polarized electric field, � is the fiber loss, �2 is the group velocity dispersion
parameter, and � is the nonlinearity parameter.

However, if all the channels do not have the same state of polarization as in the case of PDM or
polarization interleaving, the effects of polarization on the nonlinear interactions have to be taken
into account. Whether the total electric field is polarized or not, its propagation in a birefringence-
free fiber can be described by the vectorial form of the NLS [34], [35]:
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where Ax and Ay are the two orthogonal polarization components of the electric field. According to
Eq. (2), the strength of the nonlinear processes, SPM, XPM and FWM depends on not only on the
relative orientations of different channels but also on the state of polarizations. For instance, a
channel polarized linearly accumulates more nonlinear phase due to SPM than another channel
polarized elliptically [32], [33].

Optical transmission fibers are nominally not birefringent, however they still exhibit the so-called
residual birefringence that randomly scatters the polarization of the electric field in lengths scales
less than 100 m [36]. This polarization scattering length is much smaller than the nonlinear inter-
action length which is typically tens of kilometers. Since the polarization state of the electric field
changes so fast, the resulting nonlinearity is not what is expected from a linearly polarized or
circularly polarized field but an average over the entire Poincaré sphere. Averaging Eq. (2) over the
fast polarization changes results in the Manakov equation given by [34], [36], [38]
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The Manakov equation is simpler than the full vectorial NLS. Since the fast polarization rotations are
averaged already, it is not necessary to follow these changes in the fiber. Moreover, since polarization
changesare so fast and random, it does notmatter anymorewhat the input polarization is. For instance,
if only two channels propagate through the fiber, it does not matter whether both channels have linear
polarization or circular polarization and the accumulated nonlinearity will be the same at the end of the
fiber. However the strength of the nonlinear interaction still depends on the relative orientations of the
channels. If the channels have the same polarization they interact more strongly than if they have
orthogonal polarizations [39]. The Manakov equation as given in Eq. (3) assumes that the relative
orientations of the polarizations of different channels remain the same throughout the fiber. This
assumption is true as long as the bandwidth of the total field is narrow enough so that polarization-
mode dispersion can be ignored, which is the case for the experiment described in this paper.

If the electric field is known at the transmitter side, the electric field at the end of the fiber can be
obtained by solving the Manakov equation using the SSM [36], [34]. In this method, the propagation
is divided into small steps such that after each step both the change in the spectrum through
nonlinearity and the change in the instantaneous power profile through dispersion are small. In one
step the Manakov equation is solved ignoring the nonlinear term, and in the next step it is solved
ignoring the dispersion term. If the steps are small enough the electric field at the end of the fiber
can be calculated with small error. The same procedure can be applied in the backward direction to
obtain the electric field at the transmitter if the electric field can be measured at the receiver with
adequate fidelity. This is the essence of the DBP method.

A consequence of the fast and random polarization rotations in the fiber is that, at the receiver the
electric field is rotated with respect to the transmitter. To demultiplex the orthogonal channels
properly, this random rotation has to be corrected. As these random rotations are slow, several
electronic polarization demultiplexing methods based on digital signal processing have been
devised to track these rotations and correct them [40]–[43]. However most of these methods are
either data aided or Q-value directed and therefore they rely on high signal-to-noise ratio. Because of
the linear and nonlinear impairments, the signal at the receiver endmay be significantly distorted. This
maymake it difficult to separate the polarizationmultiplexed channels using the data-aided orQ-value-
directed methods. However a closer look at the Manakov equation shows that it is not necessary to
knowat which polarization basis the data is encoded to implement backward propagation. This can be
seeneasily by verifying that theManakovequation remains the sameunder the unitary transformation:
jA0i ¼ U jAi where U is an arbitrary 2 � 2 unitary matrix, and jAi ¼ ½Ax Ay �T is the electric field in
vectorial form. Therefore, DBP can be applied first and the electronic polarization demultiplexing
techniques can be used subsequently to demultiplex the polarization channels correctly.

3. Experimental Setup
Fig. 1 shows the experimental setup. Three distributed-feedback lasers are used for the WDM
channels. The central channel is set to 1550 nm. The total available bandwidth is limited to 24 GHz
which is the double-sided analog bandwidth of the real-time oscilloscope. Using the OWDM concept,
[6] made it possible to fit 3 WDM channels carrying 6 Gsymbols/s with a 7-GHz channel spacing into
this bandwidth. A pattern generator is used to generate theBPSKdata consisting of a pseudo-random
bit sequence of length 223 � 1. The same data pattern is used to modulate all the channels and
subsequently the central channel is delayed by several tens of bits with respect to the side channels.
An RF delay is used to make sure that the bit slots for neighboring channels are aligned to maintain
channel orthogonality [6]. WDM channels are combined with a 3-dB coupler with copies of the same
signal at the two output ports. After delaying one arm with respect to the other and adjusting their
polarizations the two copies are recombined with a polarizing beam combiner.

The PDMOWDM channels are launched into the loop controlled by two acousto-optic modulators.
The loop consists of an 80-km-long nonzero dispersion-shifted fiber, an erbium-doped fiber amplifier
(EDFA) followed by an ASE filter and a polarization controller. The fiber has a 0.2 dB/km loss,
second- and third-order dispersion parameters of �2 ¼ �4:84 ps2=km, �3 ¼ 0:0812 ps3=km and
nonlinearity parameter of � ¼ 1:5 W�1km�1. Polarization-mode dispersion parameter of the fiber is
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not measured, however, it is expected to be less than 0.1 ps=
ffiffiffiffiffiffiffi
km
p

. A portion of the signal leaving the
loop is monitored using an oscilloscope to make sure that loop loss is compensated by the amplifier
gain. Power fluctuations between successive circulations could not be eliminated entirely because
of the feedback nature of the loop.

At the receiver the signal is combined with the local oscillator at a 90� hybrid. The local oscillator
wavelength is adjusted so that it coincided with the optical carrier of central channel. After the
hybrid, each quadrature is separated into two orthogonal polarization components and detected by
fast photodiodes. Since the hybrid ports had delays, balanced detection could not be used. Instead,
the signal power was attenuated to 20 dB below the local oscillator power and the DC current after
the detectors were removed by DC blocks. The local oscillator power had to be kept low enough
(G 2 mW) so that the responses of the photodiodes were linear. This required addition of amplifiers
after the DC blocks to overcome the noise floor of the real-time oscilloscope. Three of the photo-
detectors has 3-dB bandwidths of 45 GHz, and the fourth has only 25 GHz. The amplifiers have 3-dB
bandwidth at 25 GHz. The real-time oscilloscope has an analog bandwidth of 12 GHz which was
extended to 16 GHz using the built-in digital filters.

The polarization controller following the LO (PC5) and the two controllers following the hybrid
(PC7, PC8) are adjusted so that the polarization of the local oscillator makes 45� with the polarizing
beam splitters, and power of the local oscillator measured at each port of the real-time oscilloscope
are the same.

During transmission, because of the residual birefringence of the fibers and other components,
polarization of the signal is rotated. This is equivalent to multiplying the signal with a unitary matrix.
Several methods have been suggested for digitally estimating this matrix [40]–[43]. Since these
methods are not the focus of this work, the polarization controller (PC6) is adjusted so that mixing
between the two polarization channels is avoided. This is achieved by making sure that when only
one polarization is launched into the loop no signal was collected at the second and fourth port of
the real-time oscilloscope.

4. Experimental Results
The data collected by the real-time oscilloscope is sampled at 50 Gsample/s at each of the four
ports simultaneously. The data from each port is saved and processed offline. The electric field at

Fig. 1. Experimental setup for polarization-division multiplexed, three-channel OWDM, BPSK transmitter,
loop and coherent polarization diversity receiver. PMC: polarization maintaining coupler, MZM: Mach–
Zehnder modulator, EDFA: erbium-doped fiber amplifier, BPF: band-pass filter, PC: polarization
coupler, PBS: polarizing beam splitter, VOA: variable optical attenuator, AOM: acousto optic modulator,
PD: photodetector.
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the receiver is constructed form the saved data as

jAðLÞi ¼ A1 þ iA3

A2 þ iA4

� �
(4)

where Ak with k ¼ 1� 4 are the data saved at the k th port of the real-time oscilloscope. The field at
the transmitter jAð0Þi is obtained by solving the Manakov equation in the backward direction using
the symmetric SSM by putting jAðLÞi as the input.

An important parameter of the back propagation is the step size. For backward propagation to
work properly the step size should be small enough so that the impact of both nonlinearity and
dispersion should be small in a single step [36]. Larger step size would induce error in the calculation
and too small a step size would consume unnecessary amount of calculation. As a starting point the
dispersion ðLDÞ and the nonlinear length ðLNLÞ can be calculated. These two parameters determine
the length scale at which the signal is expected to be distorted significantly through dispersion and
nonlinearity, respectively. For the SSM to work, the step size should be much smaller than both of
these lengths. LD and LNL can be calculated from the fiber and signal parameters as LD ¼ ð�2�f 2Þ�1,
and LNL ¼ Lsp½�PT

R Lsp
0 expð��zÞdz��1 where �f is the total band width, Lsp is the span length, and

PT is the total power. With the parameters used in the experiment �f ¼ 20 GHz, PT ¼ 4 mW,
� ¼ 1:5, LD and LNL are found to be 650 km and 630 km respectively. Therefore, the step size should
be smaller than the span length. If the link parameters are changed the step size should be changed
accordingly to maintain the accuracy of the SSM. For instance if standard single-mode fiber with a
dispersion parameter of �2 ¼ �21 ps2=km is used instead of nonzero dispersion-shifted fiber, the
dispersion length would reduce to 150 km. Since the step size is determined by the smallest of the
characteristic lengths, the computational load would increase approximately four times [27].

The step size can also be determined directly and more precisely by calculating the penalty in the
Q value as a function of the step size. Fig. 2 shows the Q value obtained for the central channel
after 960 km of transmission and DBP as a function of the number of steps used per span. When
the step size is as small as 2 km, Q is close to 14 dB. Increasing the step size to 25 km does not
change the Q value appreciably. However, if the step size is increased further, the error grows
dramatically. Therefore, step size in the rest of the calculations are chosen to be 20 km.

To show that the Manakov equation would not be affected by a unitary rotation, jAðLÞi is
multiplied first with random unitary matrices U and after backward propagation jAð0Þi is multiplied
by U�1. It is observed that the final results are identical, independent of the polarization rotation.

Fig. 2. Q value as a function of number of steps used per span.
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This shows that the DSP-based methods that rely on high signal quality can be used after backward
propagation.

After backward propagation, the two polarization components are processed separately. The
center channel is filtered using OWDM filtering and phase fluctuations stemming from carrier and
local oscillator linewidth are removed using phase estimation. The decision threshold Q value [10] is
calculated and used to estimate the effectiveness of back propagation.

Fig. 3(a) shows the back-to-back eye diagram for the central channel in the x-polarization
corresponding to a Q value of 20.6 dB. The Q value for the y-channel is 19.7 dB. Fig. 3(b) and (c) are
the eye diagrams obtained after 1440 km of transmission and subsequent DBP. In Fig. 3(b), only
dispersion compensation is applied producing a Q value of 3.9 dB for the x-polarization. The eye is
severely degraded and clearly dispersion is not the only source of impairment. Fig. 3(c) and (d), show
the eye diagram for the x- and y-polarization after DBP. The eyes are still open and Q values for the
two polarizations are 12.6 dB and 12.9 dB, respectively. DBP based on solving the Manakov
equation can compensate for the dispersion and nonlinear impairments for both polarizations.

As the transmission distance increases, dispersion and nonlinearity accumulate and degrade the
signal quality further. Moreover, with each additional span more ASE noise is added to the signal.
The dependence of Q value as a function of transmission distance is measured and shown in Fig. 4.
The Q values for both polarization channels after DBP using the Manakov equation are shown by the
black curves. To show that the signal are impaired not only by dispersion but also by fiber non-
linearity, the Q values obtained by only applying dispersion compensation are also calculated and
shown by the red curves. Comparison of the two cases show that at the power level used in the
experiment the signal suffers from nonlinear impairments. It also shows that the nonlinear as well as
the dispersive impairments are effectively removed by DBP.

To determine how much of the nonlinear impairment is caused by the presence of the orthogo-
nally polarized channels, backward propagation is repeated using the scalar NLS (1) rather than the
Manakov equation (3). All the parameters including dispersion, step size and nonlinearity coefficient
are the same. The results are included in Fig. 4 with the blue curves. When the polarization effects
are ignored, the nonlinear impairments cannot be compensated effectively, showing that the non-
linear processes depend on the polarization states of the interacting channels. It cannot be con-
cluded from the comparison above that the majority of the nonlinear impairment stems from the
nonlinear interactions of the orthogonal channels. This is because when scalar NLS is used for DBP
the effects of nonlinear interactions between the channels having the same polarizations cannot be
correctly compensated. As the nonlinear interactions happen between channels that have the same

Fig. 3. Eye diagram for the central channel (a) at the transmitter and (b)–(d) after 1440 km. (b) Only
dispersion compensation is used. (c) and (d) After back propagation for the x- and y-polarizations.
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polarizations and also between the channels that are orthogonal simultaneously, these effects have
to be compensated simultaneously using the Manakov equation. Even when back propagation
based on solving the Manakov equation is employed, the Q value drops as the propagation dis-
tance increases. The main reason for this drop is believed to be the accumulated ASE. As ASE is a
nondeterministic noise source, it cannot be removed by DBP, which can only remove deterministic
impairments. This is a fundamental limitation of the DBP method as it is applied in this experiment.

5. Conclusions and Discussions
The effectiveness of backward propagation relies critically on faithful recovery of the electric field at
the receiver and also on determining the propagation parameters such as loss, dispersion,
nonlinearity and power. The backward propagation should mimic the forward propagation closely.
An error introduced at the receiver propagates and even grows because of the nonlinearity in
backward propagation. As the ASE added to the signal at different spans cannot be measured, ASE
further limits the performance of backward propagation.

After the deterministic distortions are compensated by DBP, the signal is expected to be limited
by the Gordon–Mollenauer phase noise which is caused by conversion of ASE noise to phase noise
through nonlinearity in both the forward and backward propagation. This limit is higher than the
linear ASE limit if the total transmission length is larger than the nonlinear length [44]. DBP cannot
remove the Gordon–Mollenauer noise completely however, it is expected to mitigate it [22].

The experimental setup presented in this Letter can be improved further especially at the receiver
side. The use of balanced detectors would make it possible to use a local oscillator with power
levels compared to the signal power. As a result the electrical signal after the photodiodes would be
large enough and the amplifiers after the detectors which add additional noise and distortion can be
avoided. The frequency response of the receiver is a combination of the detector, amplifier, and the
real-time oscilloscope responses. The deviation of this response from a perfect rectangular shape
introduces distortion on the signal which induces penalty on the backward propagation. Finally,
because the experiment is setup in loop configuration, power fluctuations between the circulations
could not be eliminated completely. As these fluctuations were not taken into account in the
Manakov equation, the backward propagation could not remove the nonlinear impairments
perfectly. Such fluctuations are expected to be smaller in a linear transmission setup.

The combined bandwidth of the channels was only 20 GHz, therefore polarization-mode disper-
sion is not expected to have an impact on the transmission. However, when the number of channels

Fig. 4. Q values calculated every 240 km. The black curves are obtained after backward propagation
solving the Manakov equation. The blue curves are obtained using the backward propagation, but
scalar NLS is solved instead. The red curves are obtained by applying only dispersion compensation.
Q values for the x- and y-polarizations are shown by circles and crosses.

IEEE Photonics Journal Nonlinear Impairment Compensation

Vol. 1, No. 2, August 2009 Page 150



is large, the channels at the opposite edges cannot retain their relative orientations because of
polarization-mode dispersion. For DBP to work properly these changes in the forward propagation
have to be measured and reproduced in backward propagation. This will require dynamic monitor-
ing of the polarization transfer matrix of the transmission fiber.
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