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Abstract. Image degradation due to scattered radiation is a serious
problem in many short-wavelength �x-ray and EUV� imaging systems.
Most currently available image analysis codes require the scattering be-
havior �data on the bidirectional scattering distribution function �BSDF��
as input in order to calculate the image quality from such systems. Pre-
dicting image degradation due to scattering effects is typically quite
computation-intensive. If using a conventional optical design and analy-
sis code, each geometrically traced ray spawns hundreds of scattered
rays randomly distributed and weighted according to the input BSDF.
These scattered rays must then be traced through the system to the
focal plane using nonsequential ray-tracing techniques. For multielement
imaging systems even the scattered rays spawn more scattered rays at
each additional surface encountered in the system. In this paper we
describe a generalization of Peterson’s analytical treatment of in-field
stray light in multielement imaging systems. In particular, we remove the
smooth-surface limitation that ignores the scattered-scattered radiation,
which can be quite large for EUV wavelengths even for state-of-the-art
optical surfaces. Predictions of image degradation for a two-mirror EUV
telescope with the generalized Peterson model are then numerically vali-
dated with the much more computation-intensive ZEMAX® and ASAP®

codes. © 2010 Society of Photo-Optical Instrumentation Engineers.
�DOI: 10.1117/1.3454382�

Subject terms: image degradation; surface scattering; stray light; BSDF; EUV
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Introduction and Overview

urface scattering phenomena continue to be an important
ssue in diverse areas of science and engineering in the
wenty-first century. In particular, image degradation due to
urface scattering from residual optical fabrication errors
emains a serious problem in many short-wavelength �x-ray
nd EUV� imaging applications.

The purpose of this paper is to describe and numerically
alidate the generalization of a simple analytical treatment
f in-field stray light in multielement imaging systems re-
orted by Peterson in 2004.1 In the more extensive version
f that paper that served as a Master’s Report at the Optical
ciences Center at the University of Arizona,2 he empha-
ized that although optical systems are complex, the distri-
ution of scattered light from their elements is not. The
alo of scattered light that surrounds a bright source image
s merely the sum of the contributions from each element.
urthermore, the scattered-light irradiance distribution from
ny one element has the form of that element’s bidirec-
ional scattering distribution function �BSDF�, and its mag-
itude and scale depend only on the size of the beam that
asses through that element.

Most scattered-light analysis is performed by tracing
illions of rays on a computer. However, the analytic for-
ulas in Ref. 1 provide insight and understanding that is
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not readily apparent to the casual user of the conventional
brute-force ray-tracing approaches. Thus, intuitive design
trades can now be performed, and limits on system perfor-
mance assessed, without the need for access to, or expertise
in, commercially available optical analysis codes.

Peterson’s treatment was limited by a smooth-surface
assumption that justified ignoring the effects of multiple
scattering as the radiation encountered multiple elements in
propagating through the optical system. We remove that
smooth-surface limitation and include the scattered-
scattered radiation resulting from moderately rough sur-
faces in two-mirror telescopes. The resulting simple ana-
lytical model is numerically validated by comparing the
results with those predicted by the computation-intensive
commercially available ZEMAX® and ASAP® codes.

2 Review of Analytic Expressions for In-field
Stray Radiation

Making use of the Lagrange invariant of first-order imaging
theory and the brightness theorem �conservation of radi-
ance�, the scattered irradiance in the focal plane of an im-
aging system from the j’th element for an in-field point
source has been shown by Peterson1 to be given by

Esj�r� = Eent��na�2T
sent

2

sj
2 BSDF�na

r

sj
� , �1�

where BSDF is the bidirectional scattering distribution
function, r is the radial distance from the point-source geo-
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etrical image in the image plane of the telescope, na is the
umerical aperture of the system, T is the system transmit-
ance, sent is the radius of the entrance pupil, sj is the radius
f the beam on the j’th element, and Eent is the irradiance in
he entrance pupil of the system. This formulation is based
n both a smooth-surface and a paraxial assumption.

For a two-mirror telescope, we can thus write

s�r� = Eent��na�2Tsent
2 �BSDFp�na r/sp�

sp
2

+
BSDFs�na r/ss�

ss
2 � . �2�

ince sent=sp, na=1 / �2F#�=sp / f� �f�=system focal length�,
nd the total radiant power reaching the focal plane is given
y PT=Eent�sp

2T, the scattered irradiance in the telescope
ocal plane normalized by the total radiant power is given
y

Es�r�
PT

= � 1

f�
�2�BSDFp�r/f�� + � sp

ss
�2

BSDFs��sp/ss��r/f���� .

�3�

The preceding theoretical expression has been validated
umerically with the ASAP code for the case of a Casseg-
ain telescope whose mirrors exhibit an inverse power-law
SDF described as the two-parameter Harvey model.3 Fig-
re 1 illustrates the irradiance distribution in the focal plane
f the telescope from both the primary and the secondary
irrors as predicted by Eq. �3�, and compares it with the
SAP scattering calculation �785,000 rays scattered from

he primary mirror�. The agreement is superb, thus provid-
ng a numerical validation of the Peterson analytical model
or smooth surfaces and paraxial scattering angles.3

Generalization of Analytic Treatment for Rough
Surfaces

he fraction of the total reflected radiant power remaining
n the specular beam after reflection from a single moder-
tely rough surface is given by4–10

Secondary
Mirror

Primary
Mirror

Irr
ad

ia
nc

e

Radial Distance from Gaussian Image Point (mm)

ig. 1 Numerical validation of the Peterson analytical model for in-
eld stray radiation.
ptical Engineering 063202-

Downloaded from SPIE Digital Library on 06 Jul 2010 to 1
A = exp�− �4� cos �i �rel/��2� , �4�

and the fraction of the total reflected radiant power con-
tained in the scattered halo, or total integrated scattering
�TIS�, is given by

B = TIS = 1 − A = 1 − exp�− �4� cos �i �rel/��2� , �5�

where �i is the angle of incidence and �rel is the rms surface
roughness measured over the entire range of relevant spa-
tial frequencies �spatial frequencies greater than 1 /� are
irrelevant, since they do not contribute to the scattered
radiation�.11 Since Eq. �4� and Eq. �5� are so important to
the following discussion, we bring to the attention of the
reader that a brief historical perspective of these equations
is presented on p. 51 of Ref. 8. Our relevant rms surface
roughness, �rel, is the same as the effective rms surface
roughness referred to by Church and Takacs.12 The square
of this relevant rms roughness is thus equal to the band-
limited integral of the two-dimensional surface power spec-
tral density �PSD� function integrated out to a spatial fre-
quency of 1 /� �for normal incidence�, whereas the square
of the total, or intrinsic, rms roughness is obtained by inte-
grating the two-dimensional surface PSD from zero to in-
finity. It should be noted that for two-dimensional surface
PSDs exhibiting an inverse power-law behavior at large
spatial frequencies, the total, or intrinsic, rms roughness
will be infinite �integral of PSD over all spatial frequencies
does not converge� if the magnitude of the slope character-
izing the power-law behavior is less than 2. However, the
relevant rms roughness will always be finite.

3.1 Scattering in a Two-Mirror Telescope

For a two-mirror telescope we will have a specular �direct�
and a scattered component reflected from the primary mir-
ror. After reflection from the secondary mirror there will be
a diminished specular beam �direct-direct component�, the
scattering function from the primary mirror specularly re-
flected from the secondary mirror �scattered-direct compo-
nent�, the specularly reflected beam from the primary mir-
ror scattered from the secondary mirror �direct-scattered
component�, and the scattered radiation from the primary
mirror scattered again from the secondary mirror
�scattered-scattered component� propagating towards the
telescope focal plane as shown in Fig. 2.

3.2 Energy Distribution among Components
of the Point Spread Function

The point spread function �PSF� in the focal plane of the
telescope will thus consist of the sum of four components,
whose radiant power distributions are as follows:

direct-direct component �specular�: Pdd/PT = ApAs, �6�

scattered-direct component: Psd/PT = BpAs, �7�

direct-scattered component: P /P = A B , �8�
ds T p s

June 2010/Vol. 49�6�2
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cattered-scattered component: Pss/PT = BpBs. �9�

he quantities Ap, Bp, As, and Bs are determined from Eq.
4� and Eq. �5�. Figure 3 graphically illustrates the radiant
ower distribution among these four components of the
SF of a two-mirror telescope �same BSDF from both mir-
ors� as a function of the rms roughness of the mirrors
xpressed in wavelengths �� /��.

Note that the TIS of the two-mirror telescope is equal to
−ApAs. It is evident from Fig. 3 that for � /��0.02 scat-

ering effects are modest, with a TIS�0.12. However, as
/� increases, the scattered light increases rapidly. At
/�=0.066 each of the four components contains 25% of

he total power. As � /� continues to increase, the power in
he scattered-scattered component increases and the power
n all other components decreases. For � /��0.12 the
pecular beam has essentially vanished, and for � /�

0.18 virtually all of the radiant power is in the scattered-
cattered component.

For some short-wavelength applications, such as solar
UV telescopes, surface scattering from state-of-the-art pri-
ary and secondary mirrors will dominate both geometri-

al aberrations and diffraction effects in the degradation of
mage quality.

Classic PSF
Image Core and Scattered
Halo from a single surface

Secondary Mirror
dir
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scatterscattered-scattered
(BpBs)
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3.3 Calculation of the Scattered-Scattered
Irradiance Distribution

As discussed in the previous subsection, we know the frac-
tion of the total radiant power contained in the scattered-
scattered beam. But what is the angular distribution of ra-
diation in the scattered-scattered beam?

Let us think of the scattering process as one whereby
each geometrically traced ray, on reflection from a mirror
surface, spawns a multitude of scattered rays randomly dis-
tributed and weighted according to the mirror’s BSDF.
These scattered rays are then traced through the system,
each one spawning another distribution of scattered-
scattered rays when it encounters another mirror surface.
Each new family of scattered rays will be randomly distrib-
uted and weighted according to the second mirror’s BSDF.
This is precisely the description of a convolution operation.

We thus generalize the Peterson analytical treatment
�viz., remove the smooth-surface limitation� by accurately
calculating and adding the effects of the scattered-scattered
component to the PSF in the focal plane of the telescope.
Assuming isotropic roughness on both the primary and sec-
ondary mirrors, we thus construct the following expression:

Primary Mirror
Scattered (Bp)

(ApAs)
(BpAs) Four-component PSF

in the focal plane of a
Two-mirror Telescope

(Ap)

n a two-mirror telescope.

0 0.12 0.14 0.16 0.18 0.20
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BpAs
ApBs
BpBs
Total

4th Component
(scattered-scattered)

d Component
cattered-direct)
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ApBs
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(scattered-scattered)
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(scattered-scattered)
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d Component
cattered-direct)
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Total
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SF�r� = PSFdd�r� + PSFsd�r� + PSFds�r� + PSFss�r� . �10�

The first term on the right side of Eq. �10� is given the
unctional form of the image core, or specular beam, as
etermined by diffraction and geometrical aberrations. The
wo middle terms are given the functional form provided by
eterson’s analytical expression from Eq. �3�. The func-

ional form of the scattered-scattered term is obtained by
onvolving the two middle terms. In general, this is done
y numerically calculating the Hankel transform of the
roduct of the Hankel transforms of the BSDFs provided
or the two mirrors. Finally, care is taken to normalize each
omponent of the PSF so that their respective two-
imensional integrals �fractional total reflected radiant
ower� will be equal to ApAs, BpAs, ApBs, and BpBs.

Application to a Two-Mirror EUV Telescope

e now use the generalized Peterson analytical technique
o predict the image quality of a two-mirror Ritchey-
hretien EUV solar telescope. That allows us to gain in-

ight and understanding, concerning the sometimes nonin-
uitive surface scattering effects on telescope image quality,
hat are difficult to obtain with the brute-force computa-
ional approaches provided by most of the commercially
vailable optical design and image analysis software. Of
ourse, we numerically validate this generalized Peterson
echnique by comparing our results with those obtained
rom the well-known ZEMAX and ASAP optical analysis
odes.

We assume a 175-cm-focal-length Ritchey-Chretien
elescope design with an aperture diameter of 19 cm and an
bscuration ratio �=0.4. There will thus be no geometrical
berrations on axis, and the specular beam will be the well-
nown Fraunhofer diffraction pattern produced by the an-
ular aperture of the telescope:

SFdd�r� =
1

�1 − �2�2�2J1�x�
x

− �22J1��x�
�x

�2

,

where x =
�r

�f/D
. �11�

his expression is normalized to a unit volume. It thus
eeds to be multiplied by the coefficient ApAs in the fol-
owing analysis.

We could merely use a simple Gaussian distribution for
he input BSDF to numerically validate our generalization
f Peterson’s analytical model of irradiance in the focal
lane of a two-mirror telescope. However, most optical sur-
aces fabricated by conventional abrasive grinding and pol-
shing techniques on ordinary amorphous glassy materials
end to result in an inverse power-law surface PSD. We
hus use BSDFs predicted by an ABC, or K-correlation,
unction surface PSD.11,12 Figure 4 illustrates such a func-
ion fitted to actual surface metrology data from a state-of-
he-art EUV telescope mirror. Four separate metrology in-
truments were used to measure the optical fabrication
rrors over the entire range of relevant spatial frequencies.
ptical Engineering 063202-
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4.1 Predicted Point Spread Function for an ABC
Function Surface PSD

The BSDF profiles illustrated in Fig. 5 have previously
been calculated from the metrology data shown in Fig. 4.
The generalized Harvey-Shack surface-scattering theory
using an FFTLog algorithm has been used to make such
predictions for moderately rough surfaces.11 The three ABC
parameters characterizing the surface PSD are indicated in
Fig. 5, as are the relevant rms surface roughness and the
TIS predicted from Eq. �5� for each of the six wavelengths
indicated.

For the shortest wavelength of 93.9 Å, the total inte-
grated scattering from a single surface is given by TIS
=0.5650 and A=1−TIS=0.4350. If we assume that both
the primary and the secondary mirror exhibit the same
BSDF behavior �indicated in Fig. 5�, the respective radiant
powers contained in the four components making up the
telescope PSF are given by

ApAs = 0.1892, �12�

ApBs = 0.2458, �13�

BpAs = 0.2458, �14�
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Fig. 4 Composite surface power spectral density �PSD� function
determined from four different metrology instruments. An ABC, or
K-correlation, function has been fitted to the experimental data to
characterize the surface over the entire range of relevant spatial
frequencies.
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Fig. 5 BSDF profiles for eight different wavelengths, as calculated
from actual metrology data from a state-of-the-art EUV telescope
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pBs = 0.3192. �15�

It is rather sobering to note that less than 20% of the
otal energy reaching the focal plane will reside in the
pecular beam, or image core. Furthermore, almost 32% of
he energy will reside in the scattered-scattered component.
et we expect this EUV telescope to provide high-

esolution images over the entire spectral range 93.9 Å
��303.4 Å. Clearly there is a strong need to be able to

erform accurate predictions of image quality as degraded
y surface scattering effects from real metrology data
hroughout the optical fabrication process.13 We believe
hat our generalization of Peterson’s analytical treatment
an substantially aid in that effort.

Noting that sin �	 tan �	r / f�, the preceding BSDF
ata are input into Eq. �3� to obtain the scattering functions
n the telescope focal plane resulting from the primary and
econdary mirror BSDFs individually. The convolution of
hese two scattering functions provides the form of the
cattered-scattered component of the PSF in the telescope
ocal plane, and the form of the specular �direct-direct�
omponent of the PSF in the telescope focal plane is given
y Eq. �11�. Profiles of the three scattering functions of the
rradiance distribution in the telescope focal plane, properly
ormalized so that their respective integrals are equal to the
oefficients ApBs, BpAs, and BpBs, are shown in Fig. 6. Note
hat the scattered-scattered light is indeed the dominant
omponent of the irradiance distribution at this very short
UV wavelength of 93.9 Å.

Figure 7 illustrates the total composite PSF for each of
he six wavelengths for which BSDFs were provided in Fig.
. We have tabulated the fraction of the total reflected ra-
iant power in the specular beam and the TIS after reflec-
ion from the two telescope mirrors for each of the wave-
engths considered. Note that the amount of reflected
adiant energy in the specular beam �ApAs� decreases from
lmost 99% at �=1000 Å to less than 19% at �=93.9 Å.
he TIS in the composite PSF thus increases from 0.0136
t �=1000 Å to 0.8108 at �=93.9 Å.

The apparent irregularities on the PSF profile for longest
avelength of 1000 Å are actually oscillations due to the

N
or
m
al
iz
ed
Irr
ad
ia
nc
e BpAs = 0.2458

ApBs = 0.2458
BsBs = 0.3192

Radial Distance from Gaussian Image Point (mm)

ig. 6 Radial profiles of the three scattered components contribut-
ng to the normalized irradiance distribution �PSF� due to scattering
ffects at a wavelength �=93.9 Å in the focal plane of a two-mirror
UV telescope.
ptical Engineering 063202-
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diffraction rings resulting from Eq. �11�. For the shorter
wavelengths, the scattered radiation obscures these diffrac-
tion rings. Although the relative scattering levels in the
wings of the PSFs for the various wavelengths are made
apparent in Fig. 7, the relative width of the specular beam
is not discernable in these semilog plots.

Perhaps more insight into the distribution of radiant
power among the four components of the image in the tele-
scope focal plane is obtained from the log-log plot shown
in Fig. 8 for the shortest wavelength of interest �93.9 Å�.
Here we can see that the specular beam decreases as an
inverse power law with a slope of −3, whereas the scatter-
ing functions from the primary and the secondary mirrors
obey an inverse power law with a slope of approximately
−2 �the slope of the two-dimensional surface PSD was
−2.089�. And the scattered-scattered component is some-
what broader than the two single-scattering functions. Re-
call that the scattered-scattered beam was obtained by con-
volving the two singly scattered functions.

Additional insight can be obtained from studying the
fractional-encircled-energy plots of the individual compo-

Fig. 7 Radial profiles of the irradiance distribution in the focal plane
of the two-mirror EUV telescope due to surface scattering effects
from residual optical fabrication errors for the six wavelengths for
which BRDFs were supplied in Fig. 4.

Fig. 8 Log-log plots of the radial profiles of the four components
making up the irradiance distribution in the focal plane of the two-
mirror EUV telescope ��=93.9 Å�.
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ents making up the irradiance distribution in the focal
lane of the telescope on a linear-log scale, as shown in
ig. 9 for the shortest wavelength of 93.9 Å. Note that
irtually all of the energy of the diffraction-limited image
ore is contained within a circle with a radius of 1.0 	m. It
ill take a circle radius greater than 10 mm to include more

han 80% of the total energy in the PSF, and beyond that
adius the amount of scattered-scattered light is the domi-
ant component making up the total PSF.

Finally, in Fig. 10 we provide a graph of the fractional
ncircled energy of the total PSF �projected onto the sky�
or a variety of different wavelengths of interest. The angu-
ar circle size was obtained by merely rescaling the abscissa
y dividing the radial distance in the focal plane by the
ocal length of the telescope. These plots thus provide an
ndication of the angular resolution of the EUV telescope.
s an example we have highlighted the fraction of the total

adiant energy contained in a 20-arcsec-diameter circle for
he wavelengths indicated.

.2 Comparison with ZEMAX and ASAP Image
Quality Predictions

igure 11 gives a direct comparison of the irradiance in the
ocal plane of a two-mirror EUV telescope as predicted by

λ = 93.9 Å
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ig. 9 Fractional-encircled-energy plots of the four individual com-
onents making up the PSF in the telescope focal plane.
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ig. 10 Fractional encircled energy of the total PSF projected onto
he sky. Values for a 20-arcsec-diameter circle are indicated.
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our generalized analytical approach with predictions from
brute-force scattering calculations from the well-known
commercially available ZEMAX and ASAP optical analy-
sis codes. All three approaches used the same design for the
two-mirror telescope and applied the BSDF data illustrated
in Fig. 4 to both the primary and the secondary mirror. The
three approaches are in excellent agreement, even for the
shortest wavelength of interest, which does not satisfy the
smooth-surface approximation.

5 Summary and Conclusions
The ability to quickly and easily perform extensive para-
metric image quality predictions of the irradiance distribu-
tion in the image plane of multielement telescopes exhibit-
ing in-field scattered radiation is invaluable when deriving
optical fabrication tolerances necessary to satisfy specific
image quality requirements.13 It is particularly valuable for
short-wavelength applications where image degradation
due to surface scattering is severe. The same parametric
image analysis is again useful during the final stages of
optical fabrication and testing to make image quality pre-
dictions based on actual metrology data.

We have demonstrated that a generalization of Peter-
son’s analytic approach to calculating the irradiance distri-
bution in the focal plane of a multielement imaging system
allows one to make accurate image quality predictions even
for moderately rough surfaces that do not satisfy the usual
smooth-surface requirement. The paraxial limitation is au-
tomatically satisfied for practical two-mirror telescope ap-
plications. And we have numerically validated that simple
analytical approach to making image quality predictions
with the computation-intensive calculations provided by the
well-known ZEMAX and ASAP codes.
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