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White-light generation has been used widely in single-shot f-to-2f interferometers for stabilizing the
carrier-envelope (CE) phase of laser amplifiers. The accuracy of the relative phase values measured
by such an interferometer is affected by fluctuations in the laser pulse energy. A simple two-step model
is proposed to explain the mechanism that couples the laser energy and the CE phase. The model ex-
plains the experimentally observed dependence of the group delay between the f and the 2f pulses on the
laser energy, as well as the CE phase shift caused by the pulse energy variation. © 2009 Optical Society

of America

OCIS codes:  320.7090, 320.7100, 320.6629.

With the rapid development of ultrashort laser
pulse generation, the carrier-envelope (CE) phase
acts a very important role in recent researches of
strong field processes. Accurate measurement and
precision control of the CE phase is important for
attosecond vacuum-ultraviolet pulse generation
and other atomic physics studies [1,2]. The electric
field of this ultrashort laser pulse can be described
by E(t) = E((t) cos(wgt + (t) + ¢cg), where the CE
phase,pcg, specifies the offset between the peak of
the amplitude envelope E((¢) and the closest oscilla-
tion peak of the carrier wave with frequency wg, and
B(t) represents possible chirp in the pulse. Conven-
tionally, for high-power pulses from laser amplifiers,
the shot-to-shot CE phase change can be measured
optically by using f-to-2f interferometry [3,4]. The
measured phase variation between successive
pulses can be used as a feedback control signal to
correct the CE phase drift of the amplified pulses
[4]. Laser energy fluctuation was found to be one
of the primary sources of error in CE phase mea-
surements by f-to-2f interferometry [4-6]. In our ex-
periments reported in [6], an in-loop [-to-2f
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interferometer was used to correct the CE phase
drift of the pulses from a grating-based chirped
pulse amplifier [7]. To determine the dependence
of the CE phase on the laser energy, the pulse en-
ergy in the in-loop f-to-2f interferometer was varied
with a variable neutral density (VND) filter while
the relative CE phase caused by the energy fluctua-
tion was measured by the out-loop f-to-2f interfe-
rometer [6]. Figure 1(a) shows the experimental
setup of our f-to-2f interferometer, which is very si-
milar to commercial units used in many laboratories
[4,8]. Laser beams with energies <1 ud were focused
into a sapphire plate to generate white light by
filamentation. The spectrum of this white light
covered an octave. In performing the relative CE
phase measurement, the IR portion of the spectrum
(the f pulse) was centered at 1064 nm and was fre-
quency doubled in a BBO crystal. The second har-
monic of the IR, with power spectrum Igyg(w)
and the green portion of the white light near
532nm, with power spectrum I;(w) (the 2f pulse),
was projected onto the same polarization direction
by a polarizer. The transmitted pulses were then
sent to a spectrometer to measure the interference
of the two pulses in the spectral domain [3,4] to
determine the shot-to-shot CE phase variation.
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The measured spectral interferogram is

S(w) = Isng(w) + Ig(w)

+ 2v/Ispg (@) g(w) cos[psnug (@) — pa(w)],
(1)

where ¢gug(w) and ¢g(w) are the total spectral
phases, which include the CE phase of the fre-
quency-doubled IR pulse and the green pulse, respec-
tively. From the interference signal, the total phase
difference, ®(w) = ¢spg(®) — ¢pg(w), can be retrieved
using Fourier transforms and filtering techniques
[9,10]. When the laser energy is kept constant, the
change of CE phase can be obtained by measuring
the pulse-to-pulse variation of ®(w) at a given fre-
quency wg [3,4]. In reality the pulse-to-pulse laser
power fluctuation affects the accuracy of the relative
CE phase measurement.

Here a two-step model is proposed to explain the
coupling between the laser energy fluctuation and
the CE phase changes, as shown in the inset of
Fig. 1(a): first the self-focus process inside the sap-
phire plate and second the white light propagated
through the sapphire. We found out that this model
is also very helpful in analysis of self-focusing phe-
nomena by ultrashort laser pulse as well as the
CE phase stabilization.

The generation of white light by forming a filament
in a sapphire plate involves complicated nonlinear
processes, which have been studied by solving the
nonlinear  Schrodinger equation numerically
[11,12]. Our model is analytical for the energy range
considered. When the laser peak power, P, is higher
than the critical value, P¢ = 7(0.61)242/8(ngny), a fi-
lament is formed inside the sapphire plate [12,13].
Here 1y = 0.79 um is the center wavelength of our la-
ser system, ny(1y) = 1.76 and ny = 2.9 x 10716 cm? /W
are the linear and nonlinear indices of refraction of
sapphire. The calculated critical power is
Pc =1.79MW. As shown in Fig. 1(a), for an input la-
ser diameter D, the focal spot radius at the input of
the sapphire plate is wg = Aof /D. In our experimental
setup, the focal lengths of the lenses are f = 70 mm
in the in-loop interferometers and f = 75mm in
the out-loop interferometers, and the diameter
D = 5mm. The laser energy was fine-tuned with a
VND filter until a single stable filament was formed
in the sapphire plate. The laser beam size decreases
as it propagates inside the plate due to Kerr self-fo-
cusing until defocusing caused by laser-produced
plasma balances the self-focusing [12]. The self-fo-
cusing distance is [13]

2rle) = 2now? 1 _ 2nowd 1
o Jo JPIP,—1 4o Jel(5P) -1
(2)

where ¢ is the pulse energy. rp is the input pulse
duration, which is 35fs for our laser system. The
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Fig. 1. (Color online) (a) Collinear f-to-2f interferometer. Inset:
Formation of a single filament by self-focusing. D, diameter of
the laser beam; f, focal length of the focusing lens; w, radius of
the focal spot; z., self-focusing distance; zg),, length of the fila-
ment. (b) Calculated dependence of the self-focusing distance on
the laser energy.

calculated relative self-focusing distance Azgp,(¢)
as a function of the laser energy is shown in
Fig. 1(b). The filament length is zg,(¢) = L —z4(¢).
L = 2.3mm is the thickness of the sapphire plate.

Other nonlinear processes, such as self-phase mod-
ulation and self-steepening, also occur as the beam
contracts to a filament. They broaden the pulse spec-
trum as the pulse propagates along the z direction.
The origin of z is the input surface of the plate.
The spectrum width at z =z is Al = g, Ady due
to self-phase modulation alone [14]. The input spec-
tral width is Aly » 35 nm. The maximum nonlinear
phase shift is

2 2 2¢ 272 nge
Y P S P ST
¢sp /0 }“0 ny rpan(z) ( )

where w(z) is the beam waist. Under our experimen-
tal conditions, the nonlinear phase shift is ¢y ~ 10.



The combination of the self-phase modulation and
self-steepening processes during the self-focusing
produce the required IR and green components in
the wings of the white-light spectrum for the f-to-
2f measurements.

Accounting for both linear and nonlinear disper-
sions, the spectral phases of the green and IR pulses
at the beginning of the filament are

bast(@) = gcg + Ap,, + Agy,
+ ¢spm = ¢G.sf(wG)a (4)
¢IR,sf(w) = @cE + A§0n0 + A¢n2

+ bspm = PR st (@IR) (5)

where wig and wg = 2w are the center angular fre-
quencies of the input pulse (IR and green pulses), ¢cg
is the CE phase at the input surface of the sapphire
plate. The CE phase shift caused by the linear disper-
sion is Ag,g = wyA1y, where Az is the difference be-
tween the group and the phase delay at the input
laser frequency w, The contribution from the non-
linear dispersion is Ag,, = —¢gpnao(dns/dw),, /ne.

For sapphire the parameters are wq(dny/dw), =
8x 107 em?/W, and ny,=29x10"%cm?/W "at

800 nm [15].

For simplicity it is assumed that the spectral phase
difference ¢spg(@) — ¢pg(w) is only affected by linear
dispersion in the second stage while the IR and green
pulses are propagated in the filament. This is justi-
fied because the peak power decreases as the pulse
duration increases in the filament. Adding the linear
dispersion in the filament, the two phases become

b(®) = past — [Po + Fa(o - 0g)|z61a, (6)

Pr(@) = PRt — [Pir + Fr(0 — 0rR)|2612,  (7)

where  fgzhl, = zfan(wg)og/c  and Pz, =
zgat(wr ) /c are from the phase delay of the IR

and green carrier waves, c¢ is the speed of light in va-
cuum, and f'gzh, = [dﬂ/ dol|,.2a and p'rzg. =
[dﬁ/dw“m 2fla are the group delays of the IR and
green pulses. Assuming perfect phase matching dur-
ing the second harmonic generation (SHG) of the
IR pulse, the phase of the pulse after the frequency
conversion is

dsuc (@) = 2¢1r st (01R)

- 2, + Fr(@ — 0g))2g1a- (8)

Finally the phase difference between the SHG pulse
and the green pulses is

DP(w) = pcg + Ay, + dspm + @9 ATy + g ATy,

- (0g — ®)Aty. 9)

The phase delay between the two pulses is
Az, = z614(fe/ @6 - Pir/@ir), and the group delay
between them is Az, = zg,[f ¢ — f1r]. All the linear
and nonlinear terms can be expressed as explicit
functions of the laser pulse energy. Thus Eq. (9)
can be used to estimate the phase errors introduced
by energy fluctuation. When the laser pulse energy is
perfectly stable, the CE phase difference between
two adjacent pulses, labeled i and j, can be measured
accurately by the change of ®(w), i.e., Apcy =
Peej = Peei = ADP(w) = Pj(w) - P;(w). This is the
foundation of the relative CE phase measurement
by f-to-2f interferometers.

When the f-to-2f interferometer is used to correct
the CE phase drift of the pulses from the laser am-
plifier, the phase difference A®(w) is set to zero. Pre-
viously the variation of the time delay between the
SHG and the green pulses has been identified as
the major contribution to the CE phase measure-
ment error [5,15]. The time delay is the group delay
difference Arg, in Eq. (9) [3]. The dependence of the
time delay on laser energy has been measured ex-
perimentally from the slope of the ®(w) plot. Our
measured results in [6] are shown in Fig. 2(a). It
can be fitted well with the calculated results from
A(Azg) = Azg,[f (wg) - f'(og)]. Two fitting para-
meters are used. The first is the power at which
the filament is formed for the IR and the green
pulses. The former and latter are produced in the
leading and trailing edges of the driving pulses, re-
spectively [12]. According to the moving focus model,
the filament staring point moves with the instanta-
neous laser power. In the calculation the power is
chosen as ~32% of the peak power of the input pulse.
The second is the spot size w,, which is fitted as
9.68 + 0.4 um. The fitting is necessary because we
are using a simple model to describe a very compli-
cated nonlinear propagation process. The same para-
meters are used in Fig. 1(b). For CE phase
measurement and stabilization, ®(w) is measured
at o= wg, thus (wg — w)Az, ~ 0. Therefore the time
delay fluctuation does not directly affect the CE
phase measurement. This is an interesting result
of our model. When ®(wyg) is stabilized for CE phase
locking, the calculated product wgAz, should agree
with the intercept of the measured ®(w) plot. This
is indeed the case, as shown in Fig. 2(b). The curva-
ture of the measured time delay and intercept can be
explained by our model. It is caused by the square-
root dependence of the self-focusing distance and
the filament length on the laser power as expressed
by Eq. (2).

Our model indicates that the phase errors are
caused by the power-fluctuation-induced pulse-
to-pulse variation of the quantity: Age, =
A(A(pn2 + hspm + @9 A7) + weAty,). As the laser en-
ergy increases, wgAry, increases as the lengthening
of zg1,, whereas woAt decreases as the shortening of
2¢r, which cancels the effects of wg Az, to a large de-
gree, as our calculation shows. The nonlinear term
$spm also counters the effects of wgAzy,. However,
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Fig. 2. (Color online) Comparison between the experimental and

the calculated results. (a) Relative group delay between the green
pulses and the infrared pulses as a function of laser energy. (b) In-
tercept of the @ (w) plot, i.e., ®(0) as a function of laser energy.

the overall result is that Ag,,, increases with laser
energy. This explains the measured decrease of
Agcg = —Ag@e,, with laser energy when ®(wg) was
locked to zero, as shown in Fig. 3. Here the center
wavelength of the pulse for calculating wyAr is cho-
sen as 750 nm, which is another fitting parameter of
this model. Previously the value of ¢, had been de-
termined using linear interferometry [4]. The value
is less than the Ag,,, determined by our experiment.
The difference can now be understood, because ¢g,,
is only a portion of the phase error in the f-to-2f
measurements.

This model can be used to choose parameters in the
setup to minimize the phase errors caused by the
power fluctuation. Since

dA(perr - dzsf w%
de de ~ p3/2’

(10)
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Fig. 3. (Color online) Comparison between the experimental and

the calculated results of the CE phase shift as a result of the laser
energy change.

it is clear that smaller focal spot and higher input
power should be used. The decrease of the slope in
Fig. 3 clearly shows the benefit of the higher input
power; however, the maximum power is set by the
formation of multiple filaments. It was previously
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Fig. 4. (Color online) (a) Relative group delay with different focus

length. (b) Calculated relative CE phase.



reported that the maximum power should be less
than 1 ud to avoid the formation of multiple filaments
[4]. A smaller spot size can be achieved by using in-
creasingly tight focusing. The f/# = f/D, however,
cannot be too small, or optical breakdown occurs, pre-
venting filament formation and damaging the sap-
phire plate [16]. For water the minimum f/# for
generating a filament without causing breakdown
is ~12. For sapphire we found that f/# = 10 can still
produce a single stable filament while still causing
no observable damage. Figure 4 shows the experi-
mental results of relative delay time with different
focus length. It is clearly shown that the shorter focus
length, the smaller the group delay changes and the
smaller the relative CE phase range.

In conclusion, a two-step, analytical model was in-
troduced to understand the effects of laser energy
fluctuation on relative CE phase measurements
using f-to-2f interferometers based on white-light
generation in sapphire plates. The pulse-to-pulse
variation of the self-focusing distance and filament
length in the sapphire were found to be the cause
of the phase error. Both linear and nonlinear effects
must be taken into account to explain the measured
results. The model suggests that the dynamics of
nonlinear pulse propagation in solids can also be stu-
died using f-to-2f interferometry.
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