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We review dispersion relations, which relate the real part of the optical susceptibility
{refraction) to the imaginary part (absorption). We derive and discuss these relations
as applied to nonlinear gptical systems. It is shown that in the nonlinear case, for
self-action effects the correct form for such dispersion relations is nondegenerate, i.e.
it is necessary to use multiple frequency arguments. Nonlinear dispersion relations have
been shown to be very useful as they usually only require integration over a limited
frequency range (corresponding to frequencies at which the absorption changes),
unlike the conventional linear Kramers—Kronig relation which requires integration over
all absorbing frequencies. Furthermore, calculation of refractive index changes using
dispersion relations is easier than a direct calculation of the susceptibility, as transition
- rates (which give absaorption coefficients) are, in general, far easier to calculate than the
expectation value of the optical polarization. Both resonant {generation of some
excitation that is long lived compared with an optical period) and nonresonant
‘instantaneous’ optical nonlinearities are discussed, and it is shown that the nonlinear
dispersion relation has a-‘common form and can be understood in terms of the linear
Kramers—Kronig relation applied to a new system consisting of the material plus some
‘perturbation’. YWe present several examples of the form of this external perturbation,
which can be viewed as the pump in a pump-probe experiment. We discuss the
two-level saturated atom model and bandfilling in semiconductors among others for
the resonant case. For the nonresonant case some recent work is included where the
electronic nonlinear refractive coefficient, r,, is determined from the nonlinear absorp-
tion processes of two-photon absorption, Raman transitions and the a.c. Stark effect.
We also review how the dispersion relations can be extended to give alternative forms
for frequency summation which, for example, allows the real and imaginary parts of y@
to be related.

1. Introduction
In this review we examine the application of causality to obtain dispersion relations for non
linear optical properties. Linear dispersion relations were first derived for X-rays in the
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Figure 7 Hlustration of the connection between causality and
dispersion relations. An input (a), which is zero for times £ < O,
is formed out of a superposition of many Fourier components,
each of which will extend from — oo < ¢ < oo, Now consider a
perfect filter that absorbs just one of these Fourier components
{b). Subtracting this from the input signal gives the output (c).
However, the result violates causality, as now there is an output
signal for t < 0 before any input. In order that this does not
occur, the absorption of one Fourier component is accompanied
by a phase shift in all of the remaining components in such a way
that, upon summation, this also gives zero output for ¢t < 0.
These required phase shifts are prescribed by the dispersion
relation for the system. {(From [9].)

(b)
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mid 1920s by Kramers [1] and Krénig [2] by considering scattering from a continuum of
resonators. Kronig subsequently weni on to prove the equivalence of causality and disper- ..
sion, showing that the dispersion relation is the necessary, as well as sufficient, condition
for strict causality to be satisfied [3]. It was thus recognized that the same dispersion
relations can be applied to optics in general. Causality refers to the statement that no output
can occur before the input. Relativity extends this basic statement further since no signal
can propagate faster than the speed of light in vacuum, ¢. In fact, similar dispersion relations
exist for a number of different systems, for example electrical networks [4] and particle
scattering [5-7]. The mathematical forms of these dispersion relations are known collectively
as Hilbert transforms [8].

An interesting way of viewing the necessity of dispersion relations was given by Toll [9]
as shown in Fig. 1. A wave train (a), consisting of a superposition of many {requencies,
arrives at a medium that acts as a perfect filter. Thus, one frequency component (b) is
completely absorbed and naively the output should be given by the difference between these
(c). However, it can be seen that such an output would violate causality, with an output
signal occurring at times before the incident wave train arrives. In order for causality to be
satisfied, the absorption of one frequency component must be accompanied by a phase shift
in all of the remaining components in such a fashion that, when the components are
summed, zero output results for times before the arrival of the wave train.

The most frequent expression of the dispersion relation in optics relates the refractive
index, n, to the absorption coefficient, «, over all frequencies, Q
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Kramers—Krinig relations in nonlinear optics

where # denotes the Cauchy principal value. It is this relation that is most commonly
referred to when one speaks of Kramers-Kronig relations in optics and is the original form
of the relation as given in [1, 2] and derived in Section 2.

Although dispersion relations for linear optics are well understood and documented,
confusion has existed about applications to nonlinear optics. Clearly causality holds for
nonlinear as well as linear systems. The question is, what form do the resulting dispersion
relations take? For self-action nonlinear optical effects a nondegenerate form of dispersion
relation is appropriate, where, for example, nonlinear refraction of two frequency argu-
ments (the index change at e due to the presence of a strong perturbing field at Q) is related
to an integral over w’ of the nonlinear absorption at @’ due to the presence of the same
perturbing field at €. Thus, both the nonlinear absorption and the nonlinear refraction
are equivalent to pump-probe spectra with a fixed pump frequency and variable probe
frequency.

A first glance at the nonlinear optical susceptibility for a two-level saturated atom [10, 11]
could lead one to the result that disperson relations are not valid for this nonlinear system.
However, in the field of solid-state physics, dispersion relations have baen used for resonant
optical nonlinearities (where some real excitation is created within the material such as free
carriers) (see, for example [12]). Furthermore, dispersion relations exist for harmonic
generation where the real and imaginary parts of ¥ are related (see, for example [13]). It
is the aim of this review to show how these different systems are related and to derive
more-general dispersion relations. It is also indicated under precisely what conditions these
dispersion relations can be used.

The result is that we are able to derive and utilize nonlinear optical Kramers-Kronig
relations and apply them to various types of nonlinearities, resonant as well as nonresonant.
We present below several extremely useful examples, some of which have only recently been
recognized. For example, we show how the electronic Kerr effect and two-photon absorp-
tion are related by causality [14, 15].

This review is set out as follows. In Section 2 the linear Kramers-Kronig relations are
derived from causality. These are extended to nonlinear optics in Section 3, and the
nondegenerate dispersion relation is derived for nonlinear optics. In Section 4 it is shown
how dispersion relations can be used in resonant nonlinear optics both for solid-state
systems and for atomic systems. In Section 5 we give an example calculation for refractive
index changes resulting from the Franz-Keldysh effect (d.c. fieid) in semiconductors. In
Section 6 we consider dispersion relations for nonresonant (a.c. field) optical nonlinearities,
and show as an example a calculation of the electronic Kerr effect in solids. We also extend
the dispersion relations to derive a degenerate form that is applicable in some special cases
such as harmonic generation.

This review uses Gaussian (CGS) units throughout. Appendices are also provided which
introduce some of the nonlinear optics terminology, equivalent SI expressions, and some
of the more detailed mathematics.

2. Linear Kramers-Kronig relations
In a dielectric medium the optical polarization, P(f) can be obtained from the electric field,
E(?), by means of a response function

Pty = [T RE@E( — vde )
The response function, R(7), is equivalent to a Green’s function, as it gives the response
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(polarization) resulting from a delta function input (electric field). This equation is more
often stated in terms of its Fourier transform, where the convolution is transformed into
a product

Plw) = ylw)E(w) 3)
where y(w) is the susceptibility defined in terms of the response function as
(@) =[O R(@)e™dre )

Note that this is not the true Fourier transform as the factor of (2z)~' is omitted.

Causality states that the effect cannot precede the cause. In the above case this requires
that E(r — 1) cannot contribute to P(¢) for ¢+ < (¢t — 1), Therefore, in order to satisfy
causality, R(z) = 0fort < 0. An easy way to see this is to consider the response to a delta
function E{(T) = E,o(T), where the polarization would then follow R(¢). This has import-
ant consequences for the relation between the susceptibility, y{w), and the response func-
tion, R(r), since the integration need be performed only for positive times. Therefore, the
lower limit in the integral in Equation 4 can in general be replaced by zero.

The usual method for deriving the Kramers-Krénig relation from this point is to
consider a Cauchy integral in the complex frequency plane. We give the details of this
calculation in Appendix A. However, in the Cauchy integral method, the physical principle
from which dispersion relations result (namely causality) is not obvious. The principle of
causality can be stated mathematically as

R(T) = R(THHT) (5)

i.e. the response to an impulse at + = 0 must be zero for ¢ < 0. Here 0(T") is the slep
function defined as &(T) = 1for T > Oand &(T) = Ofor T < 0. (Itis also possible to use
the ‘sign’ function at this point or any other function that requires R = O for 7 < 0.)On
Fourier transforming this equation, the product in the time domain becomes a convolution
in frequency space ' '
‘ o{w) i
ww) = yo)x ( 5 T an)

M) Ly 1@ g

2 mn w — Q

e (8
= -2 g de (6)
which is the Kramers-Kronig relation for the linear optical susceptibility. Thus, the familiar
Kramers—Kronig relation is simply a restatement of the causality condition (Equation 5) in
the frequency domain.

This relation can also be obtained by starting from Equation 4, multiplying both sides
by (w — Q)" and integrating over all . Using the identity

. eimr dCU . o
.@er_gz T e (7

which 1s true only for ¢ > ( (which is required by causality) and again Equation 6 is
obtained.
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This form of relation is not confined to the field of optics only, but is a general property
of Fourier transforms known as Hilbert transforms [8]. _

It is more usual to write the optical dispersion relations in terms of the more familiar
quantities; the refractive index, n(e), and absorption coefficient, a{w) [5]. In order to derive
this, consider the propagation of a monochromatic plane wave through a thin slice of a
dielectric medium of (complex) refractive index

mw) = n(w) + ix(w)e20 (8)

and thickness 6z
E(z + 6z, @) = exp (@ 52) E(z, w) )

This is essentially in the same form as Equation 3; that is, a product in frequency space that
can be Fourier transformed into a convolution in time

Bz + 0z, = [ g0z, 1) E(z 1 — 1)dr (10)

where the response function g(dz, ) is defined
exp (H&?ﬂ 52) = Jiﬂ g(dz, 1) " dr S an

Now relativistic causality states that no signal can propagate faster than ¢, the speed of light
in vacuum. This then requires that g(dz, ©) = 0 for © < dz/c. Thus, the lower limit in
Equation 11 can be replaced with dz/c. By substituting 7 = 1 — dz/c we can write

exp (% fn(w) — 1}52) = Jox g (52, T+ %Z) T dT (12)

In a similar manner to the case for the susceptibility, y(w), the response function, g (time
domain}, need only be integrated over positive times T in order to calculate its Fourier
transform. In terms of complex variables (see Appendix A), this left-hand side of Equation
12 is regular and analytic in the positive imaginary frequency half-plane. This then requires
that e[n(w) — 1] can also be defined as an integral over positive times only (i.e. w[w(w) — 1]
is also regular and analylic in the upper frequency half-plane) and dispersion relations can
be applied. This can be more clearly seen by taking the limit of a thin slice (6z — 0) where
the exponential can be expanded to a first-order Maclaurin series and we can write

oln) — 11 = [ ¢"Ty =7 dT (13)

where g'(7) is the Fourier transform of the left-hand side of Equation 13, defined from
Equation 12 as

(T = —ic (Jhrjlo 26z, T + iz/c) - 5(T)) (14)

The delta function is the Fourier transform of the zeroth-order term in the expansion of the
exponential. The precise form of g'(7T) is unimportant, and the result we require is that
w[n{e) — 1] can be determined by a Fourier transform over posiiive times only.

We can also obtain Equation 13 by considering the difference in the output ficld between
the cases where the medium is present and absent (vacuum), again in the limit of a
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vanishingly thin slice. Defining £, = (£ ccum — Evacuum)> W€ Can write
Encr(z + 525 G)) = (ein(mjmézlc o eiwﬁz}’c)E(Z’ C!J)
{iwn(w) — 116z/c}E(z, w) (15)

and again causality can be applied and dispersion relations obtained.

Asweareabletosetg'(T) = Ofor T < 0(asg'(T)isrequired only for T > 0), the same
analysis as was done on the response function, R{f), can be performed, conditional on the
refractive index and absorption coeflicient being well behaved in the limit @ — + oo,
satisfying (see Appendix A)

&

lim {bn(e) — Wy -0 (16)

[}

which leads to the dispersion relation

o) — 1] = |7 D= Agg (a7

ims-»
Note that there is no restriction on the comparitive magnitudes of the real and imaginary
parts of y(m).

It is usual to transform the negative frequency region into positive frequencies in the
dispersion relations beween n and «. In this we use the reality conditions a(— w) = a{w)and
of — ) = afw), which are a direct consequence of demanding that the observables £(f) and
P(1) be real. The following relation results by equating the real parts of equation 17:

< = of€2)dQ
o) =1 = —2 [y

(18)

This relation was the original form of the dispersion relation as written down by Kramers
{1] and Kronig [21. A corresponding relation can be derived relating the absorption to the
refractive index over all frequencies by equating the imaginary parts of Equation 17, but
this is seldom used as absorption coefficients are, in general, easier to obtain than refractive
indices, both experimentally and theoretically.

3. Nonlinear Kramers-Krénig formalism
The Kramers-Kroénig relation can be used to calculate the change in refractive index
from the change in absorption due to some external perturbation. The linear Kramers-
Kronig relation can be applied both in the presence and in the absence of the perturbation,
and the difference is taken between the two cases. Doing this, we can write down a moedified
form of Kramers-Kronig relation (which we also derive below specifically for an optical
perturbation)
fn(; ) = S o 7 AR5 4o (19
i O Wt —
where { denotes the perturbation. An equivalent relation also exists whereby the change in
absorption coefficient can be calculated from the change in the refractive index, but this is
rarely used for the reasons described below. Note that it is essential that the perturbation
be independent of the frequency of observation, @', in the integral (i.e. the excitation must
be held constant).

The main reason for calculating the refractive index change this way rather than directly
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Figure 2 {a) imaginary part of the degenerate optical susceptibility for a two-level atom versus detuning for
various irradiance levels ///, =0, 0.3, 1 and 3. As the irradiance increases, the oscillator strength of the
transition is reduced in such a way that the width of the absorption line is broadened, which is often termed
a 'power-broadened Lorentzian’. {b) imaginary part of the nondegenerate optical susceptibility y{w; Q) for
a two-level atom versus probe detuning at the same irradiance levels as in (a) for the pump. Note that the
Lorentzian lineshape and width is preserved at high pump irradiances and only the overall magnitude
decreases, unlike the degenerate form shown in (a). This is also an indication that the Kramers—Kronig relation
can be applied in the nondegenerate case. (¢} Ratio of the nondegenerate optical susceptibility of a two-level
atom {i.e. effect on a weak probe at o from a strong pump at ) to the linear susceptibility as & function of
pump detuning for the same irradiance levels as above. This quantity also gives the population difference
between the ground and excited states (see text).

calculating the expectation value of the real part of the polarization (see, for example [10])
is that calculating the absorption via transition rates s, in general, far easier. Furthermore,
this form of calculation of the refractive index for nonlinear optics is often more useful than
for linear optics as absorption changes (which can be either calculated or measured) usually
occur only over a limited frequency range and, thus, the integral in Equation 19 need be
calculated only over this finite frequency range. In comparison, for the linear Kramers—
Krénig calculation, absoption specira tend to cover a very large frequency range and it is
necessary to take account of this full range in order to obtain a quantitative fit for the
dispersion, although a qualitative fit to the dispersion can often be obtained using a limited
frequency range. Unfortunately, the converse is not true as refractive index changes are
usuially quite extensive in frequency, so a calculation of absorption changes from refractive
index changes is seldom performed.

It is possible to use Equation 19 in nonlinear optics under resonant conditions, where the
material is excited into some real state. This excitation can be treated as a perturbation
itself. Essentially, the change in refractive index is calculated from the change in absorption,
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Figure 3 Diagrammatic representation of the blocking
mode! for semiconductor optical nontinearities. (a) The
quasi-equilibrium electron (hole) population generated at
the bottom (top) of the conduction (valence) band. When
multiplied by the density of states, this gives the reduction
in available states, and thus the reduction in absorption
coefficient (b). Performing the Kramers-Kronig transform
on this absorption change gives the reduction in refractive
index (c).

treating this perturbation as constant, and only afterwards is the optical source of the

perturbation considered.

This form of calculation will be applied to the two-level atom model. We also give three
specific well-known examples for semiconductors: carrier-induced nonlinearities, where the
absorption of light ¢xcites carriers in the material, which then cause changes in the optical

Refractive coeff. &n/8£, {arbitrary units)

-05

Detuning (Fw/E,—1)

Figure 4 Rate of change of the refractive index with band-
gap for an ideatized sguare-root absorption edge as a
function of detuning. This not only gives the contribution
to the thermo-optic coefficient, 8n/87, but can be used for
any mechanism that causes a change in the bandgap.
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Wavelength (pm)

05 0.45
o
E
=] — .
% Absorption
"o
8 2
] | | !
- 1T Refractive
=
2 coefficient Figure 5 Calculation of the thermo-optic ceefficient in a
Lﬁ” similar manner to Fig. 4, but now using an empirical form
ig, 05 — of the absorption edge consisting of an exponential tail
< with a square-root form at higher frequencies. This cai-
cutation was performed for thermally deposited ZnSe thin
L films. (From [38].)

properties; thermally induced nonlinearitics, where the absorption of light raises the tem-
perature, which then affects the optical properties; and field-induced nonlinearities, where
the creation of carriers causes a change in the d.c. electric field in the material. Note that
all three of these mechanisms will take some time to disappear after the excitation, either
by carrier recombination or by diffusion, and they cannot be accurately described using a
¥ analysis.

The modified relation given by Equation 19 is an extension of the linear relation, and it
has not yet been justified for nonresonant nonlinearities where the intermediate (perturbed)
state is no longer well defined. Referring to Equation B1 of Appendix B, we now consider
causality for the nonlinear contributions to the polarization. The notation used in this
section for the nonlinear susceptibility, and its relation to other common descriptions in
nonlinear optics, is discussed in Appendix B. Causality requires that no contribution can
be made to the nth order polarization, P (¢), due to an eleciric field E(z — ) for times

t < (r — 7). This then requires that the response function, R (z,,1,, . . . , 7,), must be zero
if any one of its arguments (7, 71, . .., T,) 18 less than zero. Hence the nth order
e
ﬁm<Eg
\VAVAVAY
I5)

Figure 6 Schematic of the Franz-Keldysh effect where the
presence of electric field and tunneiling can permit absorption
at frequencies less than the band edge of semiconductors.
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-0.002 Figure 7 (a) Calculation of the change in the absorp-

tion coefficient of GaAs due to the Franz-Keldysh
L effect in an electric field £ = 30kVem ™. (b) Kramers—
09 1.0 L1 Kronig transform of (a) to give the accompanying

Frequency, Hu/Eg change in refractive index in a similar manner to [44].

susceptibility can be determined by integration over positive times only

y e, 0y, ..., 0,) = .[o dr, .[0 dt, - - J‘O dt, R (1, Tp, . . ., T,) glonn fomn b ot
(20)

1t is now possible to use any of the methods that were used earlier for the linear susceptibility
in order to derive a dispersion relation for the nonlinear susceptibility. For example, we can
write

R(H)(Tlr TZ) AR Tn) = R(")(Ils Ty oo v In)g(ri) (21)

and then calculate the Fourier transform of this equation. Here i can apply to any one of
the indices 1, 2, . . ., n. We could also use any number and combination of step functions;
however, the simplest result is obtained by taking just one.

Alternatively, in terms of complex variables (Appendix A) the nonlinear susceptibility is
regular and analytic in the upper half-plane of any one of the frequencies (w,, m,, . . . , w,).

TABLE | Freguency dependence of the nondegenerate absorption F, (hw,/E,,
hw, /E,) as defined in Equation 34

Contribution Fylx, x)
Two-photon absorption  + 3= {1 Y
Raman (o —x = 1pef1 1Y
Linear Stark (g, — D I
Bx,x5
Quadratic Stark [ 1 1
T2 K — D' (x, — x, * x; + xz)
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tion coefficient of GaAs due to the Franz—Kaidysh
: effect in an electric field £ = 30kVem™'. (b} Kramers—
08 10 L1 Kronig transform of {a) to give the accompanying

Frequency, hw/Eg change in refractive index in a similar manner to {44].

susceptibility can be determined by integration over positive times only

0 o0 o0 i T f g
Kon 00, 0) = [Cdn [Tdr s [T dn RO, 5 g SO
(20)

Tt is now possible to use any of the methods that were used earlier for the linear susceptibility
in order to derive a dispersion relation for the nonlinear susceptibility. For example, we can
write

R(n)(‘cla Tos e v s Tn) = R(n)(r]': Tas oo vy TM)B(TE) (21)

and then calculate the Fourier transform of this equation. Here { can apply to any one of
the indices 1, 2, . . ., n. We could also use any number and combination of step functions;
however, the simplest result is obtained by taking just one.

Alternatively, in terms of complex variables (Appendix A) the nonlinear susceptibility is
regular and analytic in the upper half-plane of any one of the frequencies (o, @,, . . . , ®,).

TABLE | Frequency dependence of the nondegenerate absorption F,{(hw, /E,.
ho, /£ ) as defined in Equation 34

Contribution Fy(xy, x,)

Two-photon absorption (x, + x, — FRNA | 2
2—( o z)

Raman (5 —x— D"/ 1 1Y
fmrr(i-5)

Linear Stark _ (x, — ¥ L

Bx,x2 xi

Quadratic Stark 1 1 1

Ty 00, D (x, x5 T xz)
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«© with a sguare-root form at higher frequencies. This cal-
culation was petformed for thermally deposited ZnSe thin
films. (From [38].)

properties; thermally induced nonlinearities, where the absorption of light raises the tem-
perature, which then affects the optical properties; and field-induced nonlinearities, where
the creation of carriers causes a change in the d.c. electric field in the material. Note that
all three of these mechanisms will take some time to disappear after the excitation, either
by carrier recombination or by diffusion, and they cannot be accurately described using a
¥ analysis.

The modified relation given by Equation 19 is an extension of the linear relation, and it
has not yet been justified for nonresonant nonlinearities where the intermediate (perturbed)
state is no longer well defined. Referring to Equation Bl of Appendix B, we now consider
causality for the nonlinear contributions to the polarization, The notation used in this
section for the nonlinear susceptibility, and its relation to other common descriptions in
nonlinear optics, is discussed in Appendix B. Causality requires that no contribution can
be made to the nth order polarization, P* (), due to an electric field £(; — 1) for times

t < (t — 7). This then requires that the response function, R (z,, 7, . . . , 7,), must be zero
if any one of ils arguments (r,, 7,, . ... T,) 18 less than zero. Hence the ath order
]
f‘w)<Eg
AVAVAVA .
15

Figure 6 Schematic of the Franz-Keldysh effect where the
nresence of electric field and tunnelling can permit absorption
at frequencies less than the band edge of semiconductors.
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o’ e, /E,=0.4
o
3
=
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£
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8
b
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N
a
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A
o
o
£ , .
E Figure & Theoretical frequency dependence of the
= nondegenerate nonlinear absorption for two dif-
ferent ‘pump’ frequencies hw, = £, = 0.4 and 0.6.
. " | s n | n .
0.1 Below the fundamental absorption edge fw, < £,
0 0.5 t.0 1.5 2.0 . . 9
only two-photon absorption contributes to the
Frequency, fiw,/E, nonlinear absorption.

We can thus obtain the generalized nonlinear Kramers—-Kronig relation for a non-
degenerate nonlinear susceptibility

SRRRICAPIY (22)

ig, rC o, @, .., 80

x(")(wly Wyy oo vy CU,,) = . Q — o,

in
Note here that the integral is over only one frequency argument, £), and all other frequencies
are held constant. Thus, we cannot obtain any relationship between the degenerate Kerr
coeflicient, y(w), and the degenerate two-photon absorption coeflicient, f(w), as defined in
Appendix B. If multiple step functions had been used at an earlier stage in Equation 21, a
multidimensional integral would have resulted. The derivation of the nonlinear Kramers-
Krénig relationship in Equation 22 can also be found in [16-18].

Now consider the case where we have two monochromatic electromagnetic waves
incident on a nonlinear material

E() = HE e " + EX ™) + L&, e + E} ) (23)

On calculating the third-order nonlingar polarization (see Appendix B} and considering

TABLE Il Dispersion of the nonlinear refraction G, (kw/E,;) for frequencies below the band edge as
defined in Equation 38. ®(x) is the Heaviside or step function

Contribution G, (x}

Two-photon absorption  [1/(2x)*[—2x"(I — 07" + 3x(1 — x)" — 2(1 — P + 201 — 2x)(1 — 2%

Raman [P —2x7(1 + )7 — 3x(l + )™ — 201 + )% + 2(1 + 0%

Linear Stark [L/ExF2 — (1 — 2% — (1 + 0¥

Quadratic Stark [HECS — )7 — (1 + 7" — Ix(1 — x)*? — Lx(1 + )7

Divergent terny 1 35x x i 2 "
w(—z—“g—ngBx——])([—x) - 3x(l — )"+ —x)

+ %(3;; S0+ 0 3+ 9%+ (1 + x)3f2)
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circles are measurements in (58], the diamond is from [59] and the squares our own Z-scan measurements.
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measurements of AlGaAs from [60].
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only the mixed terms that give rise to contributions at frequencies + w, (i.e. ignoring all
third harmonic and frequency mixing terms, such as 2w, — o,

R:G}(G)) = %IEblz[xgl)bb(wa’ Wy, _mb)é(m - wa)Ea + Zgzlﬁ(mn’ WDy “wb)é(w + wn) Ea*]
(24)

These then lead to a change in the refractive index and absorption coefficient at frequency
@, due to the presence of light at frequency, o,

An(wa; wb) = .(24ﬁ2/nanbc)]:bReXz(:?z)bb(wm Wy, 7601,)
Ar(wy; w,) = (48m* o, fn,my M I gy (@, 0y, — ) (25}

where [, is the irradiance of the light of frequency @,, and n, and », are the linear refractive
indices at [requencies w, and w,, respectively, and we have assumed that the linear
absorption is sufficiently small that «(w,)c/w, <€ »,. This is not very restrictive, allowing
validity even for & & 10°cm ™' in the visible, and in most cases is a reasonable approxi-
mation. For example, in a semiconductor, changes in the refractive index bencath the
bandgap are attributable to absorption changes at frequencies close to the band edge and
not the high absorption transitions at higher frequencies. This will be more apparent in later
sections. Note that these results in the nondegenerate case are a factor of 2 greater than the
corresponding degenerate quantities given in Equation Bl4 of Appendix B.

Unfortunately, there is no universal convention for the definition of ¥*, so some of the
numerical prefactors may differ from those used in other papers. We discuss other common
definitions in Appendix B.

13



D. C. Hutchings et al.

Upon inserting these relations between the nondegenerate 3™ and the change in refrac-
tion and absorption into the nondegenerate Kramers—Kronig relation of Equation 22 and
transforming to only positive frequencies in manner similar to Equation 18, one can obtain
¢ o Aa{m; my)do
Bl o) = L2 1= (26)

We note the similarities between Equations 26 and 19. This is not surprising, as we could
consider the external perturbation in Equation 19 to be an electromagnetic field itself. Note
that this perturbation should be constant on both sides of the relation and must not vary
as the integral over @ is computed. Thus, a linear Kramers—Krénig calculation is being
performed on a new system consisting of the material plus an electromagnetic field of fixed
frequency and irradiance. This is a significant step, as we have extended the use of the
modified linear relation as given in Equation 19 for resonant optical nonlinearities to the
nonresonant case where there is no real excited intermediate state. However, by viewing the
nonlinear optical process in terms of virtual excited states, this step is intuitively obvious.

These nondegenerate forms of the nonlinear refraction and absorption are equivalent to
pump-probe spectra, in that An(e,; w,) and Ax(w,; ®,) describe the change in refractive
index and absorption coefficient, respectively, for a weak optical probe of frequency o,
when a strong pump of fixed frequency w, is applied.

4. Kramers—-Kronig relations for resonant optical nonlinearities:
examples

4.1. Two-level atom

A first glance at the result for the nonlinear optical susceptibility for a saturated two-level

atom could lead to the assumption that nonlinear Kramers-Krdnig relations cannot be

used in such a system [10, 11]. The standard density matrix calculation [10, 9] results in

a nonlinear optical susceptibility of the form

1 ANy — @) + [T,
ablw — o) + (1 + IL)|T;

where u is the dipole moment for the transition of frequency ¢, which has a dephasing time
T, and a saturation irradiance I,. AN, is the ground-state population density. For low
excitation ({ < 1,) this takes the form of a Lorentzian lineshape of width 7, ', but at higher
excitation the lineshape is broadened as shown in Fig. 2a (‘power-broadened Lorentzian’).
Note here that in Appendix B we expand y(w) as a power series in the electric field, but the
present form corresponds to the nonlinear y(w) before expansion, with the total polariz-
ation P(w) (linear plus nonlinear) determined through Equation 3. By using a binomial
expansion this form can be used to generate, for example, the ¥ term.

As Yariv [10] pointed out, this expression does not satisfy the Kramers—-Kronig relations
except under the trivial condition of zero excitation, 7 = 0. This can also be verified
mathematically by considering the poles of y(w), which in this case occur at

@ = w + (/T + JL)*” (28)

o} = 27

Since a pole now cxists in the upper half-plane, y is no longer regular and analytic, and the
contour integral around the upper half-plane is no longer zero. This method provides an
easy check to see whether dispersion relations are valid (see Appendix A). This result is a
consequence of the noncausal nature of the expression for y(w).
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It has been suggested that the contribution of this pole can be included in the contour
integral, and one could derive Kramers—Krénig type relations where an additional constant
is added to the usual integral [11]. However, since this constant is derived from the residue
at the pole of y{w), it 1s necessary to know fully the form of y(w), i.e. both the real and
imaginary parts. Since the usefulness of Kramers-Kronig refations is that, given only the
imaginary part, the real part of y(w) can be computed (or vice versa), such a relationship
is of little practical use. :

In order to apply the medified Kramers-Kronig relations as described in Equation 19 to
the two-level atom problem, it is necessary to re-examine the source of the perturbation that
causes the optical properties to change. In this instance the perturbation is a change in the
excited-state population by optical excitation. Note, however, that if the frequency of the
light varies, the excited state population varies also, due to the variation of the linear
absorption coeflicient with frequency. Thus, it should not be too surprising that the
Kramers-Kronig relations do not apply to this form of nonlinear susceptibility, since the
perturbation is changing over the frequency integral.

The perturbation {(excited-state population) can be forced to be constant, however, by
replacing the single pump field by a pump field at a fixed frequency plus a probe field
(considered weak) whose frequency can vary. Thus, we require a pump-probe spectrum,
where the two frequencies can be different. Returning to the two-level atom caiculation [10},
if the change in population is calculated solely from a pump field at frequency Q and then
the polarization is calculated at a different probe frequency , Equation 27 for the
susceptibility now becomes

Ly = [EAM @ = ) + T, (0 — QF + 1T

H ) = A" Now — oy + U NGy — O + (0 7 J1)IT2
) (o= QP+ VT

T e — OF ¥ (1 = I T2

(29)

where I now refers to the pump irradiance. Here population pulsations have been ignored
as discussed in the next paragraph. y,(e) refers to the susceptibility in the linear (low power,
I — ) limit. We note that this form of nonlinear susceptibility does satisfy the Kramers—
Krdnig relations where the integral is over the probe frequency w only. Figure 2b shows the
imaginary part of the nondegenerate susceptibility at a fixed pump frequency (@ = ) for
several pump irradiances. 1t is of interest to note that, in the nondegenerate form, the
Lorentzian lineshape and width are preserved, which is another indication that dispersion
relations can be applied. In fact, this susceptibility can be separated into a product of the
linear susceptibility, multiplied by some fraction that depends only on the pump field (Q),
as shown in Equation 29. This fraction is precisely the fraction of atoms that occupy the
ground state. Figure 2¢ demonstrates how this fraction varies with pump irradiance. This
two-level description carries over directly to the solid state description of bandfilling, where
nonlinear Kramers—Krénig relations have been utilized with great success.

In this example calculation we have neglected any effects of population pulsations
(alternate time-ordering) caused by the beating of the two optical frequencies (w and ) in
the medium. Strictly, this approximation is valid only when the response of the medium is
much slower than the beat frequency. Inclusion of population pulsations will lead to an
enhancement in the nondegenerate susceptibility, typically by a factor of 2 for the third-
order term 7 in the expansion of the susceptibility. The main point of this example,
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however, is not invalidated, in that dispersions relations can be applied providing it is in
a nondegenerate form.

Although a general nonlinear y(w; Q) cannot be determined when beating effects are
inchuded, Boyd and Mukamel [20] included such effects in their calculation for the non-
degenerate third-order term ¥ (e; Q). It is interesting to note that their expression for 3™
satisfies the nondegencrate dispersion relations using o but not O, which is precisely the
result predicted here, indicating that the validity of the nondegenerate dispersion relations is
independent of the nonlinear mechanism and the approximations used in its determination.

4.2. Carrier-induced optical nonlinearities in semiconductors

There are many mechanisms whereby the excitation of carriers leads to a change in optical
properties. Broadly, these can be split into.two categories. First, since electrons and holes
are fermions, Pauli exclusion applies and no two identical particles can occupy the same
state. Secondly, electrons and holes carry charge, and since upon excitation they are made
mobhile, they can influence electric fields in the material.

The concept of carriers inhibiting band edge absorption due to Pauli exclusion predates
even the laser. Electrons can be placed in the conduction band by doping, and this leads
to a blue shift of the band edge [21, 22], which is commonly known as the Burstein-Moss
shift.

In the late 1970s very large self-defocusing refractive nontinearities (An < 0) were
observed in InSb [23] and GaAs [24] at wavelengths just beneath the band edge. These
refractive nonlinearitics were subsequently used to obtain bistability in a Fabry-Perot
configuration {25, 26]. The origin of these nonlinearities is that a quasi-equilibrium popu-
lation of excited carriers is maintained by the optical excitation, which in turn inhibits
further transitions. This process has been termed the dynamic Burstein—Moss shift.
Accompanying the change in absorption due to these carriers is a change in refractive index.

One model, which accurately accounts for the nonlinearities observed in InSb, is the
bandfiling model [12, 27]. In semiconductors, carrier—carrier scattering and electron—
phonon interaction tend (o thermalize carrier distributions within a band on a timescale of
typically < 1 ps. However, recombination of electrons and holes typically occurs on time-
scales of the order of ns to ys. This means that on the timescales of interest there is a
quasi-equilibrium population of electrons at the bottom of the conduction band (and holes
at the top of the valence band) which have a thermal distribution. It is important to note
that these carriers will have no record of the optical pump field about 1 ps.

The change in absorption coeflicient can be obtained using Fermi’s Golden Rule, taking
population factors into account

4q? ¢?
3
Ry ICH,

Ad(w) = — ; |a * po (K)PO(E, (k) — ho) f.(k) + f,(R)] (30)
where f.(k) and £, (k) are the population factors, #, the background refractive index, m, the
free electron mass, @ p, (k) the extension of the momentum matrix element along the
optical polarization vector (which can be determined for a direct-gap semiconductor using
Kane's theory {28]) and E,. (k) the energy separation of the optically coupled states. The
sum should be over all optically coupled states, but typically only the lowest conduction
band (and highest valence bands) will have a significant population. Provided the quasi-
cquilibrium populations is not too large, Boltzmann statistics will be adequate to describe
the population factors,
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This calculation is shown diagrammatically in Fig. 3, in which the reduction in absorp-
tion is calculated from the product of the population distribution and the density of staies.
In other words, the distribution of electrons at the bottom of the conduction band removes
the same distribution of states from the potential interband transitions. The modified form
of the Kramers-Kronig relation can now be applied to produce the change in refractive
index associated with this change in absorption as shown in Fig, 3.

Further examples of this type of calculation have been performed on a theoretical change
in absorption due to an excited electron-hole plasma by Banyai and Koch for their plasma
model, which includes Coulombic effects for bulk semiconductors [29] and for semiconductor
doped glasses [30], and the many-body calculations of Lowenau ef al. [31].

This form of calculation need not be restricted to theoretical differential spectra. Provided
the complete differential absorption spectrum is known (i.e. measured over all frequencies
for Ao # (), the associated refractive index change can be calculated using Equation 19,
The converse is also true, but this is unusnal as it is far easier to measure absorption spectra
{(which also tend to be more restricted in frequency) than the dispersion of a material.
Examples of this calculation can be found in [32] (bulk GaAs), [33] (saturation of GaAs
quantum wells), [34] (quantum-confined Stark effect in GaAs quantum wells) and [35]
(semiconductor clusters).

4.3. Thermally induced optical nonlinearities in semiconductors
Changes in the optical properties of a material occur not only for changes in carrier
population as described previously, changes of temperature also have an effect. Often this
can be a problem for applications involving optical switching; however, thermal effect alone
can be used, for example in optical bistability [36, 37].
As an example calculation, consider light incident on a semiconductor. The energy from
- the illumination usually ends up as heat (for example, light generates carriers which
recombine and give up their energy to the lattice). Close to the band edge the optical
properties of the semiconductor change, principally through the thermal shift of the
bandgap
An (nf0THAT
in dn 0E, én

aT — 9E, oT T aT),

(31)

where we have also allowed for some background contribution to the thermo-optic coef-
ficient, onfdT, such as thermal expansion or lattice contributions.

The coefficient n/0E, can be obtained from a Kramers—Krénig transform of the band
edge absorption [38]

on - oaoc(wEJrciE)woc(w E)
6_@((1)) = lim —9”[ o (32)

S, —0 T —

Using a square-root absorption edge for a direct-gap material, the dispersion of dn/dT
around the band edge can be determined and is shown plotted in Fig. 4. Note the resonance
as the frequency approaches the band edge; in fact, for a sharp square-root absorption this
dispersion function is discontinuous at heo = £,. Note that since dE, /0T is usually negative
[39], this means that in most cases dr/3T is positive beneath the band edge of a semiconductor.

Of course, this form of nonlinear dispersion can’be applied to any process that causes a
shift in the band edge, e.g. bandgap renormalization. 1t is also possible to perform the same
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calculation using a more realistic form for the absorpton coefficient; for example, in [38] the
thermo-optic coefficient, dn/dT, is calculated using a semi-empirical form for the band edge
absorption which has an exponential Urbach-like tail. The result of this calculation is
shown in Fig. 5.

5. Changes in optical properties induced by a d.c. electric field

The optical properties of a semiconductor can also be altered through the applications of
an electric field. As was first noted by Franz [40] and Keldysh [41], transitions just beneath
the band edge can occur in the presence of an electric field due to tunnelling (Fig. 6). In the
weak field limit for a direct gap semiconductor, Tharmalingam [42] gives for the absorption
coefficient

ae, F) = (COP[)IATE — rlAi(n)l] (33)

where 85 = & F*[2m, b, # = (E, — hw)fhl;, F is the d.c. electric field, C a material
consfant that involves the matrix elements and Ai(x) is the Airy function [43]. Fig. 7a shows
the calculated change in abserption coefficient for frequencies around the bandgap calculated
for GaAs.

As before, we can use this change in absorption to calculate the change in refractive index
via the modified Kramers-Kronig relations [44]. These integrals can be performed numeri-
cally (see Appendix D) and the associated refractive index changes associated with the
absorption changes in Fig. 7a are shown in Fig. 7b.

The Franz-Keldysh effect has practical uses (for example, as a modulator by using an
interferometric configuration) and we discuss it briefly for two reasons. First, there are
devices and materials in which the intermediate state, upon application of a strong light
field, is a change in the static electric field usually due to the movement of charge [45]. Good
examples of this are the photorefractive effect [46] and self-electro-optic devices (SEEDs)
[47, 48]. Although not all of these applications use bulk semiconductors, the principle of
using the modified Kramers-Krdnig relation to calculate the change in refractive index from
absorption changes remains the same. Secondly, since light is in itelf an oscillating electric
field, the Franz-Keldysh effect can be used to determine the change in refraction and
absorption resulting from the interaction of a light field in the low frequency limit [49]. Note
that what is obtained from this calculation is the effect on a weak probe at an arbitrary
frequency w due to a strong pump at frequency € in the limit Q@ — 0.

6. Kramers-Kroénig relations for nonresonant optical nonlinearities
(a.c. electric field)

6.1. Nonlinear absorption and refraction in solids
In what follows we consider the electronic Kerr effect in more detail, and in particular its
calculation from nonlinear absorption processes. We have already shown how the refractive
index change can be calculated using the modified Kramers-Krdnig relation from the effect
of an electric field on the absorption (Franz-Keldysh effect). This calculation refers to the
limit 0, — 0 in the above dispersion relations. By also taking the limit @, — 0 this gives
the low frequency limit of the electronic Kerr effect. In what follows, this form of calcu-
lation is extended to other frequencies.

In a recent paper we used Equation 26 in a theoretical calculation to determine the
dispersion and scaling of », in solids [14, 15]. Tt is necessary to account for all forms of
nonlinear absorption in this calculation, and hence we include two-photon and Raman
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transitions and the a.c. stark effect. It is important to emphasize again that in this calcu-
lation it is the nondegenerate form of the nonlinear absorption that is required. Existing
expressions for nonlinear absorption, e.g. multiphoton absorption [41, 50, 51], are derived
only for the degenerate form.

The nondegenerate absorption was derived using tunnelling theory based on an 4 « p
perturbation for a two-band model of a semiconductor, The details of the calculation are
not relevant to this paper, but the result can be expressed in the scaling form as [15]

E? ho, ho
; = 2K —= = 4
Aa(w,; ;) n|ang3 F ( Eg 3 Eg ) I (34)

Here E, is the energy gap and E, is related to the momentum matrix element and is nearly
constant at E, x 21eV over the vast majority of semiconductors. The refractive indices n,
and n; refer to the frequencies w, and a,, respectively, and I, is the irradiance at frequency
;. The constant K is material-independent and was determined from the fit to degenerate
two-photon absorption measurements [52] which gives K = 3100cm GW ™' eV*?_ It should
be noted, however, that theoretical calculations of this quantity are not too different from
this value. The dimensionless spectral function F, can be determined for each of the
nomnlingar optical processes and is the sum of the terms shown in Table 1.

The spectrum of the nonlinear absorption F.(hw, /E,; hw,/E,) is shown in Fig. & for two
different ‘pump’ frequencies m,. Note that for #w, < E, the Raman and Stark terms can
contribute only to the nonlinear absorption for sy, > E,. The negative (i.c. decreasing
absorption) divergence at the bandgap results from the quadratic Stark shift causing a blue
shift of the band edge.

By using Equation 26 and substituting for the degenerate An, the following form for the
degenerate Kerr coefficient is obtained [13]:

he E)? ha
= = 35
Y K:ZH(Z)E;GZ(Eg) (35)
where the dispersion function G, is given by
2 rwo Fy(x'; x)dx
G(x) = z jo W"Z";,z_—xz (36)

We have neglected any dispersion in the linear refractive index n, in the integral. The
magnitude of the dispersion is typically only 10% of the background refractive index
around the band edge of semiconductors, so we do not anticipate any significant error. the
factor of 1/2 is introduced when the degenerate coefficient is calcufated from the non-
degenerate as beating terms (cross-modulation or grating terms), double the magnitude of
the nonlinearity in the nondegenerate case when the material can respond to the beat
frequency. This is often referred to as weak wave retardation [53]. This factor has also been
included in the determination of the nonlinear absorption (Equation 34). The origin of this
factor can be seen by comparing the degenerate results in Equation B14 of Appendix B to
the nondegenerate results given in Equation 25. Note that this factor of 1/2 was omitted in
the nonlinear refractive index calculation in [15]. The individual contributions to @, are set
out in Table I1. :

On examining the low frequency limit it is found that these terms diverge as w — 0. In
order to investigate such non-physical ‘infrared’ divergence we go one step back and
examine the nondegenerate case. It is found that An{w; Q) is not divergent in w, and
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therefore any zero-frequency divergence must be in the pump frequency Q as it appears in
Ax. To identify this divergence further, An(w; Q) can be expanded as a Laurent series
around Q = 0. On summing the contributions to &,, the divergent term is determined to
be

R ()]
G = 25 (37)

where g(w) has no divergence at @ = 0. Now by setting Q = w one arrives at the
degenerate divergence function as is shown in Table II. This diverging term is not unexpected
as A « p perturbation theory has been used in the transition rate calculation and it is well
known that a divergence of this order can be introduced [54], whereas the comparable £ - r
perturbation theory avoids such a divergence. The latter perturbation technique, however,
is not suitable for solids with extended wavefunctions and simple scaling rules cannot be
casily derived. In a similar manner to Moss et al. [55] we treat such a divergence as
non-physical and subtract it from the result for the nonlinear refraction.
The general scaled form for #, is given by

nyesw) = KAEV(nE)G,(holE,) (38)

where, using a fit to », in semiconductors the constant K = 1.50 x 107 when E, and E,
are defined in ¢V. Using the value of K obtained by fitting two-photon absorption measure-
ments in semiconductors, a value for X’ is obtained that is within a factor of 2 of the above.
A graphical comparison of the dispersion function G,(hw/E,) with measured values of n,
is shown in Fig. 9a. The values for semiconductors (squares) were obtained from Z-scan
measurements at 1.06 and 0.53 ym [56, 57]. We also show ‘nearly degencrate three-wave
mixing’ #, measurements of large gap optical materials [58] (closed circles) and a measure-
ment of », in silica at 249 nm [59] (diamond).

Figure 9b shows the extension to Fig. 9a for frequencies close to the band edge, where
the bound electronic refractive nonlinearity shows a resonance due to the quadratic a.c.
Stark effect. This graph also includes recent measurements of #, in AlGaAs by LaGasse et
al. [60] using femtosecond time division interferometry (closed triangles).

Hidden in Fig. 9 is the £, *scaling of »n, that gives a variation of n, from 2.5 x 10" "es.u.
for a material such as MgF, at 1.06 um to —2.6 x 107es.u. for AlGaAs at 810 nm [60]
and 2.7 x 10"e.s.u. for Ge at 10.6 yum, which we measured with a picosecond CO, laser.
This five orders of magnitude variation of #, is displayed better by plotting n, scaled by ny
and G, as a function of E; on a log-log plot as shown in Fig. 10. In spite of this very large
variation in magnitude of #, (and change in sign), this extremely simple model gives good
agreement with the data for materials including both semiconductors and insulators.
Additionally, note that although the measured values of », for ZnSe at 1.06 and 0.53 ym

have different signs, both measurements are consistent with the scaling law

6.2. Alternative formalism for frequency summation

Tt has been demonstrated that nonlinear Kramers—Kronig relations can be applied, pro-
vided that they take a nondegenerate form. In this section we show how this can be extended
to an alternative form in the case of frequency summation in the same manner as in
{13, 61, 62]. Starting from the Fourier transform of the nonlinear susceptibility as defined
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in Equation 20, a change in variables is performed

Q = Y Mo,
7
T, = Z (Mﬁl)fjrj (39)
1
which ensures that w1, = £,Q,T,. This now gives
QL Q. Q) = (AT ATy [T RO(T, Ty, 1) ST
(40)

where the integration region is the equivalent in T-space to the positive quadrant in -space.
Now consider a special case of the above transform where, for some k, (M~ )y = 0forall
possible j. Since the response function is integrated over only positive 1, (as causality
demands R be zero for any 1, < 0}, then the transformed variable 7, will be integrated over
only positive values. That is, R(T,, Ty, . . ., Ts. . . ., T,) can be set to zero for T, < 0.
Hence, in a similar manner to the linear Kramers-Kréniig derivation, by transforming this
property to the frequency domain, we abtain the dispersion relation for 37(Q,, Q,, .. ., Q)

) U 320, Q.. 0,0, Q)
@ - 13 2425 0% > TTn
Py, Q. L0, ., 0 ingpj;w Q-0 de

(41)

Note that this is formally identical to the nondegenerate nonlinear Kramers-Kronig relation
dervied above. On transforming back to real frequencies, we obtain w;, = Z,(M '),Q,.
Since we have previously required (M “])kj = 0, the coefficient of &,, (M '), is. always
positive (or zero). This results in a generalized form for the nonlinear Kramers—Krénig
transform

Moy + po,w; + po, ..o, + po)
- Q Q... Q
I X B LSRR L P (42)
e - Q- o

where p; = 0 for all possible 7, provided that at least one p, # (). For the case where only
one of the coefficients p, is nonzero and set equal to unity, we regain the nondegenerate form
of the relationship.

We also give here a new, simpler method for obtaining the same relationship in Equation
42 using the Fourier transform as in Equation 7, Starting with the definition of ¥ from
the response function R® in Equation 20, multiplying both sides by (Q — w)~' and
integrating over Q

gj‘w Z(”)(wl +pIQ9 (1)2+ PZQs---swn +an) dQ
— Q—-w
o @ - i T
= L} dr, L] dry - - jo dt, Rz, Ty, . . ., T,y ozt o)
eiQ(p11|+szz+'“+Pn=n)
o
x @j dQ
- Q—w
. w0 o =) i N e : +
= in fo dr, L) dr, - - - L} de, Ry, 7y, . . ., 7,) @ Hom s ¥om) felnn tmnt 4.5)
= ingw + po, 0, + po, ..., 0, + p,o) (43)
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which is conditional on (p, 1, + p2t ++ * -+ + p,1,) > 0. Since causality already requires
Tis Tay - - - » Ty > 0, this requires that all of the coefficients p, p,, . .., p, = 0.

It can be seen that no combination can give rise to a relation for ¥ (w, w, —w) as the
lower limit in the Fourier transform would be — <0 rather than zero, and the implications
resulting from causality cannot be used. In general there is no valid relation in the case of
a nonlinear ™ where the integral is over a single frequency @ that contains a mixture of
positive and negative terms in »™. Thus, we can extend degenerate nonlinear Kramers—
Krdnig relations only to the case of frequency summation or a partially degenerate case
such as using @, as the integral variable in y®(w,, @,, — ), which gives a polarization at
the new frequency 2w, — w,. Dispersion relations between self-action processes such as
nonlinear refraction and absorption are valid only in the nondegenerate form.

As an example we can write for y, which governs second harmonic generation (i.e. a
polarization is produced at a frequency 2w for an input at w),

@
lgjjm 1, )

P, o) = — do @
T

—w O — o
Thus, we can relate the real and imaginary parts of ¥®, However, since a new frequency
is generated, we are only usually concerned with the magnitude of ¥ and not its phase
{since there is no itial field at frequency 2 for it to interfere with). This tends to restrict
the use of Equation 44, as experimentally it is the quantity [y?[ that is measured. However,
Equation 44 has been used in theoretical calculations where it is far easier to determine
Imy® alone [63]. Similar calculations have also been performed for third-harmonic
generation [55].

7. Conclusions
The Kramers-Kronig dispersion relation and its derivation from the principle of causality
for linear optics has been well understood for a number of decades. Although nonlinear
Kramers—Kronig relations have found considerable use in resonant semiconductor non-
lingarities, there is some confusion regarding the application of causality to other optical
nonlinearities such as nonresonant ‘instantaneous’ nonlinearities. [t is the aim of this review
to demonstrate that such relations exist and there is a common form that is applicable to
all nonlinear optical mechanisms.

The key relation for the calculation of refractive index changes from absorption coef-
ficient changes is given by Equation 19

c = Aal{w’;

Ans ) = ~ P |, H deo’ (45)
where { denotes the perturbation that is the source of the change. This relation has been
utilized m the caleulation of resonant optical nonlinearities. We outline specific examples
of this, namely the bandfilling model for resonant semiconductor nonlinearities, thermo-
optic nonlinearities in semiconductors and d.c. electric field-induced nonlinearities. We also
extend the standard calculation of the two-level atom and have written it in such a form
that the Kramers—Kronig relation is valid. Of course, Equation 45 is applicable not only
to nonlinear optics where the intense light causes a perturbation that then affects the optical
characteristics of the material, but to any perturbation, whether it is optically generated or
not. Thus, for example, one could calculate the change in refraction for use in an optical
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phase modulator from changes in the absorption spectra of the desired material through a
variation in a d.c. electric field.

An important step discussed here is that the perturbation can be another optical field and,
thus, extend this relation to nonresonant (fast) optical nonlinearities. This can be obtained
from Equation 45, but we also include a derivation based on the causality of the system.
However, since the perturbation has to remain constant over the integration, it is necessary
to have a nondegenerate form for the change in absorption, i.e. a pump-probe spectrum,
with the pump at a fixed frequency. Unfortunately, conventional experiments and theories
tend to determine the degenerate (single frequency argument) form only. Itis likely that thig
coniributes to the confusion over nonlinear Kramers—Kronig relations, since these conven-
tional results cannot be utilized, leading to the incorrect assumption that nonlinear
Kramers-Kronig relations are invalid,

A recent calculation using this dispersion relation is in the calculation of the scaling and
dispersion of the electronic nonlinear refractive coefficient n, in solids. We reproduce an
outline of this calculation in this review. First, all of the relevant nondegenerate nonlinear
absorption contributions are determined. This includes terms from two-photon absorption,
Raman transitions and the a.c, Stark effect. Then the nonlinear Kramers-Kronig transform
is computed and an analytic expression is obtained for the degenerate n,. On comparison
with experimentally measured values, excellent agreement is obtained, considering the
uncertainty in some of the materials parameters and the fact that a simple two-band model
was used to calculate the nonlinear absorptive contributions. Note, although we have
calculated the degenerate form of the electronic #, in order to provide a comparison with
experimental data, the nonlinear dispersion relation is much more general. No new infor-
mation is necessary for the nondegenerate form of », to be calculated.
~As a final note, although in general nonlinear dispersion relations must take the non-

degenerate form, it can be shown through a change of variables that in the particular case
of frequency summation a degenerate form can be used. This has limited applications
although as this is not a self-action effect, so one is usually concerned with the magnitude
of y only and not the real and imaginary components.
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Appendices
A, Cauchy integral derivation of dispersion relations
The susceptibility y(w) is derived from the response function by means of the Fourier
transform in Equation 4. However, because of causality, the integral need over run only
positive times. Generalizing this for complex @, for the condition Imw > 0, the conver-
gence of Equation 4 can only be improved. This can easily be seen by writingw = o -+ iw”,
which leads to a factor e in the integrand. Thus, ¥(w) has a regular analytic continuation
in the positive imaginary plane of w.

Consider the Cauchy integral round the contour I' in the frequency plane as shown in

Fig. Al

Hwydo
o—a =0 (AD

which is zero since w is regular and analytic with no poles within the contour, First, consider

Im w

Figure AT The contour I' in the complex frequency
pfane used in the derivation of dispersion relations
of the large semicircle of radius A, the axis Ime = 0
and the small semicircie of radius & centred around
the peint Q.
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the contribution from the large semicircle @ = Ae*, where 6 runs from 0 to &

, « x(Ae?) Ae®® Ao , Ae”d@
fim | [ R | < max A [ 2y
; A+ O™
N it
e Q)O =0 (a2

which vanishes provided that y(w) is reasonably well-behaved at + o
Jim [x(w)fw] = 0 (A3)
Secondly, consider the contribution from the small semicircle centred on @ = €. In the

limit of a vanishingly small radius, this is just a half-residue of the integrand at Q. Thus,
the total of all the contributions is

w—s d a0 d
0 — iny(@) + lim (j B /(“’2 o+ g”ﬂ g) =0 (Ad)
This can be rewritten as
1 0 (D) dw
10y = o |7 B (4%)

where # denotes the Cauchy principal value. As a result of the factor i in this relation, the
real part of y{w) can be expressed solely in terms of its imaginary part, and vice versa. Thus,
given knowledge of either the real or imaginary part of y(w) over all frequencies, it is
possible to determine the other completely.

This derivation of the optical susceptibility also provides an casy check to see whether
dispersion relations exist for an arbitrary y{w). Since it is necessary for y(w) to be regular
and analytic in the upper half-plane, it should have no poles in that plane. Therefore, if such
poles exist there can be no dispersion relations. This result has been used in the discussion -
on the two-level atom,

B. Relationships between various nonlinear optical descriptions

In nonlinear optics we examine regions where there is no longer a simple linear relation
between the polarization and electric field as given in Equation 3. It is conventional to write
the polarization in terms of an expansion in the electric field. Thus, we can write the various
contributions to the polarization P,(f) = PV (1) + PP + PP() + - - - in the time
domain as [64]

POW = |7 duRPG)E( - w)
PO = [7 dn [ dn R, ) E( — 1) Bl - )

B = [ dn |7 du | du R, m) B — w) Edt — ) E( — @)

B(”)(t) = Eac dTl jj}“c dTE e Jio dT Rfﬁ n(Tl: Tas -« v s Tn)E;i(l - IL)
X E.'c(t - 72) e Eu(l - T)!) (Bl)
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Here the summation over the various directions j, &, [ is implied for the various tensor
elements of y. Upon Fourjer transformation we obtain the equivalent relations in the
frequency domain

P @) = ij w, 17 (@) Efo y oo — o))
R(Z}(w) — J.iom dwl Jio dﬂ)zx,,,_g(w], a)a)E(CU )Ek(cuz)é(w — Wy - wz)

PO@) = (7 do |7 do, [* doyiiil, o, o) E@) Euwy)

X Ejo) 80 — oy — w, — 0y)

PO) = |7 day [ do, o [T dol @, o 0,)

X E‘j(wl)Ek(wZ) ot En(ﬂ)")é((ﬂ Ty T Wy Tt (Bz)

where & is the Dirac delta function. The nth order susceptibility is generally obtained from
the Fourier transform of the nth order response function

oG o
Xffi)e u(wla Wy, v vy wn) = Z*Cﬂ dT‘-l J-—oo dTZ e
x |7 de, R (1, )@ ()

It can be seen that on evaluating the frequency integral for the linear polarization P (),
Equation 3 is again obtained.

In this paper we are mainly concerned with monochromatic electromagnetic fields
defined as

E(t) = WE.e ™ + Exe™) (B4)

a

whose Fourier transform is
E{w) = Ew — w,) + EFé(o + w,)] (B3)

Throughout much of this paper we are concerned with third-order nonlinearities. The
reason for this is that this is the lowest order of nonlinearity that produces a nonlinear
polarization at the same frequency as the applied efectromagnetic field. This results in
self-action effects such as nonlinear absorption and refraction.

Upon inserting the monochromatic field defined in Equation B5 into Equation B2 for the
third-order nonlinear polarization and performing the various frequency integrals, one
obtains for the component P¥(w) parallel to E

P(a)(w) = [3/(3)(60[1’ _wH)E{EE*é(w — ) + 3%‘;1)*( (l’ ‘_wﬂ)EﬂEﬂ‘*zé(m + (U[l)
+ X(B)(wﬂ" (0(15 wa Ejé(w - 3w(l) + X(3)*(w(£’ w{f’ ma)Ea*35(uJ + 3(‘[)")] (86)

Here we have used permutation symmetry [64] to simphfy the above result, where for
example

yf}l)k(wl » W, 0)7)
|Ik,l((‘01: W, CL)]) (B7)
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This symmetry arises from the fact the E-fields and indices in Equation B1 can be inter-
changed without affecting the result. In addition, we have also applied the reality condition
{64] that comes from the requirement that the response function R(r) must be real since £(f)
and P(f) are both real

@), 0y, w3) = (-, —w, —w) (B8)

It can be seen from Equation B6 that there are components produced at the same frequency
as the fundamental (+ w,) as well as third-harmonic terms (+ 3w, ).

In nonlinear optics, effects are often expressed in terms of a nonlinear refractive index or
absorption coefficient rather than in terms of ¥, especially for self-action third-order
effects, which we examine in the following. In Gaussian units the refractive index and
absorption coefficient can be obtained from the definitions for the electric displacement
D{w)

Diw) = [nlw) + o)/2ol E(w) = E(w) + 4nP(w) (B9
from which we can obtain the following
An = (Bul2m)E [ Re P (w,, 0, —,)
Ao = (Gro,/ryo)E,[Im N w,, @, —o,) (B10)

assuming the background absorption is small, ¢,c/w < 'n,, which is usually necessary
anyway for the observation of nonlinear optical effects. Here », refers to the background
(linear) refractive index. The nonlinear refractive effect is commonly referred to as the
optical Kerr effect. One of the possible contributions to the nonlinear absorptive effect is
two-photon absorption.

An alternative description for the optical Kerr effect defines

An = m{EY) = im|E[ (B11)

where (E*(¢)) denotes the time average for the square of the electric field. This then gives
the relation between m, and ¥ in the present notation as

miw) = (Bujny)Rey™(w, 0, —w) (B12)

This relation between n, and 3" varies considerably in the literature as the definition of
1, (Equation Bll) is sometimes defined to be a factor of 2 greater, the definition of
monochromatic electric ficld (Equation B4) is sometimes a factor of 2 greater and the
summation over the various permutations of the frequency arguments in calculating the
nonlinear polarization sometimes is not performed {(Equation B2), which results in a factor
of 3 difference. For instance, one often sees »'J defined for monochromatic light as (for
example, see [65])

Plw) = yE(@)}E(0YEw) (B13)

Comparing this with our definition gives x5 (o) = 23 (w, », — w). In addition, definitions
vary when SI units are used instead of Gaussian units, and #, is sometimes used with
irradiances, which would be equivalent to y as defined below. However, our form is
completely consistent with our basic definitions (particularly the use of the response
function) and is extendable to any degree of nonlinearity.

The nonlinear optical effects can also be expressed in terms of irradiances, i.e. Az = f7
and An = y/. By using the relation between irradiance and electric field, I = {#,¢/87)E, %,
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the relation between these quantities and ¥ can be written as
fley = Qdn’oinge)m v, o, —w)
Ww) = (122 me)Re 1% (0, 0, —w) (B14)

Note that for the equivalent nondegenerate quantities derived in Equation 23, a factor of
2 appears due to weak wave retardation [53].

C. Conversion from Gaussian to Sl units
This review uses Gaussian (CGS) units and in this appendix we indicate the differences that
occur when SI (MKS) units are used instead. A good review of the differences in expressions
under the systems can be found in [66] for linecar quantities. However, in the field of
nonlinear optics there are no consistent definitions over all publications, even within one
set of units. In this appendix the notation of [64] is used, which is the direct ST equivalent
of the notation used throughout here.

In ST units the permittivity of free space, &, appears in the rehuonshlp between the
polarization and electric field, and hence, for example, for the firsi-order (linear) polariz-
ation we have

PO = & | duRPG)E( — 1) (1)

and in frequency space
P @) = & p{(w) E(w) (C2)

Furthermore, the relation between electrlc d1splacement polarization and field is now
written as

D(w) = gw) + (w20 E(w) = 5E(@) + P(w) (C3)

Under SI units the irradiance is now given by [ = (Bonoc)/2)fE > when the definition
E(t) = (E & + E*c "™')j2.is used.

Using the same analysis as previously, which leads to a summation over the three indices
for the third-order terms, for a ¥ nonlinearity it can be shown that the changes in
refractive index and absorption coefficient are now given by

3 3 I
An = ~Rey¥(o,. 0, ~o)|E] = >— Rey® -
n Sno e l (wﬂ a)ﬂ 3 w{l) [ 4] | 4 FO Lnn e X (wu 3 wa * wﬂ)
3 3 w,l,
A = Im ¥ (aw,, 0, ~w)|EF = o Im P (w,, ©,, —o, (C4)
4n, Mo 2 &¢C

Thus, the definitions for the Kerr and two-photon absorption coefficients will be modified
accordingly. Tt is important to note, however, that the Kramers-Krdnig relation between
n and o is unaltered in 81 units.

Both in the literature and this review, two principal forms have been used for quoting
values for nonlinear refraction; », and y. #, is most often quoted in e.s.u. and 7 is usually
quoted in SI or some derived unit {e.g. cm* GW™!). By comparing Equations B12 and B14
and converting units accordingly, we can write the conversion between these two forms as

mes.u) = (mefddn)y (SI) (CH
where all of the quantities on the right-hand side are quoted in SL
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D. Numerical evaluation of principal parts integrals

The Kramers—Kronig relation 1s an example of a principal parts integral. Most numerical

integration routines have difficulty in handling poles in the integrand. Here we present a

method that transforms the principal parts integral into integrals that have no poles.
Consider the principal parts integral for 4 > 0

w f(x)dx der | a—s f{x)dx = f(x)dx
7@]}} x — d 131—13;1](]0 x — d d+5x-—d) (Dl)
This integral can be split into the regions
o d—d f(x)_dx 2w f{x)dx w f{x)dx
- (P e p

In the second region above, perform the transformation of the integration variable
x — 24 — x. This then transforms the limits of the second integral to be the same as the
first

.ope-s Xy — F(2d — x) « f{x)dx
I = lim[; o dr + [ (D3)
Now consider the integrand of the first integral in the limit
f(x) — f(2d — x) ar _df
x%d x —d 2 dx v=d (D4)

In other words, provided the derivatives of f(x) exists at the point x = &, we have
effectively removed this pole from the integral. This requires that our original integrand
should have only a first-order pole for this expression to be useful. Hence, Equation D3
provides the form for the numerical evaluation of principal parts integrals consisting of an
integral over a finite range and one over a semi-infinite range. If the integration routine used
evaluates the end-point {e.g. Simpson’s rule), it will be necessary to substitute the limit in
Equation D4 for this one point. However, this will not be necessary for routines where the
end-point is not evaluated (e.g. Gaussian quadrature). For the semi-infinite integral it is
possible to use a transform of coordinates to turn this into an integral over a finite range,
but many numerical packages exist in which this is performed automatically.
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