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Fifth-Harmonic Generation in Isotropic Media

IVAN V. TOMOV anp MARTIN C. RICHARDSON, MEMBER, IEEE

Abstract—This paper presents a theoretical study of fifth-harmonic
generation (FHG) in an isotropic media. Two schemes are discussed—
cascade generation in which the fifth harmonic results from successive
nonlinear interactions in two separate elements, and direct generation
where the fifth harmonic is produced in an isotropic media with third-

and fifth-order nonlinear susceptibilitics. In the plane-wave approxima- -

tion almost full conversion of the pumping energy into the fifth har-
monic is found to be possible. FHG with a focused Gaussian beam is
also investigated. To determine the optimum conditions for FHG in
the cascade scheme, the theory of four-wave mixing of light beams with
arbitrary confocal parameters and waist locations is developed. In
media with third- and fifth-order nonlinearity, the fifth harmonic re-
sults from step and direct processes. The interference between these
two processes is discussed. Numerical calculations are presented for
metal vapor-gas mixtures and Nd : glass laser pumping radiation.

I. INTRODUCTION

ETAL VAPORS and inert gases have recently been

utilized as efficient nonlinear media for optical har-
monic generation and mixing [1]-[3]. Coherent radiation in
the UV and VUV has been produced and theoretical considera-
tions predict that this technique can be extended into the soft
X-ray range [1], [4]. Up to the present time, all nonlinear
frequency conversion techniques have been based on the
utilization of both second- and third-order nonlinear processes.
However, the high power densities afforded by picosecond
laser pulses permit the consideration of higher order nonlinear
optical polarizabilities for the generation of still higher order
harmonics with greater incremental steps through the fre-
quency spectrum. For the improvement in the efficiencies of
these processes, atomic systems should be selected in order to
gain maximum advantage from specific relationships between
their resonance lines and the interacting frequencies. In addi-
tion, the existence of phase-matching conditions is desirable.

It is important to note that in a system using higher order
nonlinearity when phase matching for the direct process is
achieved, the phase-matching conditions for the step processes
produced by lower order nonlinearities as a whole are also
fulfilled, even though each step is individually considerably
mismatched [5], [6]. If we are interested in increasing the
efficiency of higher order nonlinear conversion techniques
care must be taken in considering all possible coherent inter-
ference effects between the individual step processes and the
direct process.

In this paper a detailed theoretical analysis of fifth-harmonic
generation (FHG) in an isotropic nonlinear medium is pre-
sented. Although FHG has already been experimentally inves-
tigated with an Nd ; glass laser, relatively low conversion efficien-
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cies have been recorded [7]-[9]. In the present case two
possible methods of generation are considered. In the first, a
system consisting of two separate cascades is employed to gen-
erate the fifth harmonic. In the second case, FHG in amedium
having third- and fifth-order polarizabilities is investigated.
Numerical calculations have been performed for the genera-
tion of the fifth harmonic (As = 0212 w) of Nd:glass laser
radiation which are also applicable to the case of the Nd:YAG
laser. The production of powerful radiation having a wave-
length of 0.212 uis of interest because this wavelength is close
to the VUV limit, and consequently, quartz optics can be
employed for further optical processing. In addition, this
radiation can also be used in the generation of higher har-
monics such as A;/3=706.7 A and As/5 =424 A,

In Section II, the phase-matching technique is discussed.
It is shown that the use of a mixture of more than two gaseous
components permits simultaneous phase-matching conditions
to be met for more than one nonlinear process in a single cell.
This would be very useful in the VUV where technical prob-
lems may arise when several different cells are used.

FHG in the cascade of two separate nonlinear conversion
media is discussed in Section II. A detailed analysis is made
of four-frequency mixing of Gaussian beams with arbitrary
confocal parameters. The numerical results show that the
most efficient case occurs when equal confocal parameters
for all interacting waves are provided.

In Section IV, FHG in a medium with third- and fifth-order
nonlinearity is considered. It is found that, in the plane-wave
approximation, ~90-percent conversion efficiency is possible.
FHG of a focused Gaussian beam is analyzed, and competing
processes arising from the existence of third- and fifth-order
susceptibilities are discussed.

Many of the results obtained in this paper may be extended
for processes of higher order.

1. PHASE-MATCHING TECHNIQUE FOR
MULTISTEP PROCESSES

In various gaseous systems, phase matching has been achieved
by mixing two components, one having negative dispersion
and the other positive dispersion [1]-[3]. In gases and vapors
at low pressure the absorption and the variation of the re-
fractive index is significant only in the region of spectral
resonances and the continuum. Far from resonance the dis-
persion is weak. This permits the use of a gaseous system for
frequency conversion over a wide spectral range. To date,
phase-matching conditions for a single nonlinear process have
been realized only for a two-gas (vapor) mixture or for a gas-
vapor mixture. It is our intent to show that if a gaseous sys-
tem of more than two components with suitable resonances
is employed, phase-matching conditions for several successive
nonlinear processes can be achieved in a single cell. Although
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the production of a homogeneous mixture of several metal
vapors and gases with specific relative concentrations may
pose some problems, already, some progress has been made in
this area [10], [11].

Fig. 1 shows the variation of the refractive index n with
wavelength for a mixture of sodium, cadmium, and xenon in
the ratio 1:2.86:117.5, respectively. This mixture is simul-
taneously phase matched for the following processes:

wWtwtw=3w wtwt3lw=5w

6

where ¢ is the frequency of Nd : glass radiation. Note that the
resonance line for Na (0.589 ) is situated between 1.06 and
0.353 p, and that of Cd (0.229 u), between 0.353 and 0.212 u.
Xenon is positively dispersive over the region of interest and is
added in suitable proportion to compensate for the negative
dispersion of the metal vapors. Although a mixture of Na and
Xe can provide phase matching for FHG (see Table I) when
phase matching for THG is met, the mixture has n; =n; but
ny <ns and is consequently positively dispersive from the
point of view of FHG. However the addition of Cd which is
negatively dispersive provides n; =ns5. At a temperature 7 =
555 K, the ratio of saturated vapor densities of Cd and Na is
Ncg /Ny, = 2.86 and the use of a relatively simple heat pipe is
required for the production of phase-matched mixtures. But
at this temperature the concentration of sodium atoms,
Ny == 10'* atom/cm?, is too small for good conversion effi-
ciency. The saturated sodium vapor density is Ny, = 10"7
atom/cm® at 7810 K, and then Ngg/Nn, =3.35. In this
case, a more complicated technique would be required for
phase matching since the cadmium vapor would have to be
unsaturated. In experiments where tight focusing is em-
ployed, the necessary phase-matching ratio will be variable,
and some flexibility in operating parameters may be obtained
by varying the temperature and focusing conditions. One can
expect additional technical problems to arise when different
metals are used, since not all combinations of two-metal va-
pors mix homogeneously [12].

In the mixture considered above, substitute vapors may be
possible: sodium can be replaced with some other alkali metal
(Na has the smallest absorption at 0.212 u), cadmium can be
replaced with Mg or Zn (Nxe/Nna =57, Nye/Nna = 1.65;
Nxeo/Nna = 146, Nyga/Nzn = 1.87). Zn is of particular interest
because its strongest line (0.2138 u) is close to the fifth-
harmonic wavelength As = 0.212 u.

If we add argon to the mixture of Cd, Na, and Xe, simul-
taneous phase matching for the processes (1), and the fol-
lowing processes 3w+ 3w +3w=9w, w+3w+5w=9%w,
wtwtwtrw+tdw=9%w, and wtwtwtwtwtwst
wtwtw=9%w is also possible. In such a mixture the
single-photon absorption cross sections for the wavelengths
of interest (A; =1.06 u, A3 =0.353 u, A\s =0.212 p, and
o =0.1178 ) are all less than 0.2 Mbn (0.2 X 1078 cm?).
The ninth harmonic produced will result from the coherent
interference of both individual step and direct processes in-
volving odd nonlinear susceptibilities from the third to ninth
order. Obviously the way these processes interfere will deter-
mine the overall efficiency of the optical convertor.

wrtrwtwtwtw=5w
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Fig. 1.

Finally, we note that by suitable arrangement of the con-
figuration of the heat pipe oven, several different zones could
be realized, each satisfying phase-matching conditions for dif-
ferent nonlinear processes. For example, in a phase-matched
mixture of a metal vapor and an inert gas, the inert gas itself
can be a mixture of several gases satisfying other phase-
matching conditions. In addition, it may be possible to
locate, in one heat pipe oven, several different, physically
separated zones of metal vapor-gas mixtures.

II. FHG 1N Two SEPARATE STEPS

Nonlinearities of second, third, and fourth orders may be
employed to generate the fifth harmonic in a cascade system
[6]-[9]. Phase matching for each step is provided in separate
nonlinear elements. Several combinations are possible. Here
we will discuss two of them in which an isotropic nonlinear
media is employed in at least the final step:

1) first step: tripling w+ w + w=3w, and second step:
mixing w+ w + 3w = Sw;

2) first step: doubling w+w=2w, and second step:
mixing w + 2w + 2w = Sw.

For a plane-wave approximation [13]

2

Fach one of the above processes can separately permit 100-
percent conversion efficiency. To achieve maximum effi-
ciency for the combination of two processes, additional re-
quirements have to be met. Without detailed analysis, we
will determine the conditions for full conversion of the funda-
mental radiation to its fifth harmonic for both schemes.

E] =Al eXp (zw]t - lk]Z)

A. Plane-Wave Approximation

We assume that in both steps an optimal relation between
the phases of the interacting waves exists. At the input of the
two-step system it is assumed that 4,(0)=A5, 4,(0)=
A3(0)=A45(0) =0 (here the subscripts 1, 2, 3, and 5 refer to
the wave with frequencies w, 2w, 3w, and 5w, respectively).

First we discuss scheme 1). At the output of the first step
(z = L) we have for the amplitudes

AIOLI/L30

AIO
A(L)=—=10 g (,)=2=tm30
1L1) VI+L3]L3, 31 V1+L3[L3,

@
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where
L, length of the first nonlinear element;
03 = 187w x®/k;yc?;
¢ velocity of light;
x® nonlinear susceptibility of the third
order for the process w + w + w = 3w;

Lso =(0aA%)™"  characteristic interaction length;

and atLl/L30 = 3,A3(L1) =095 AIO'

We assume linearly polarized light waves in the same direc-
tion; then the vector nature of the electric field as well as the
tensor nature of the nonlinear susceptibilities may be ne-
glected. The amplitudes of the interacting waves in the
second step are described (in the slowly varying envelope
approximation) by the coupled wave equations

dA, dA;

=_20;A1A3A5 =_303’;A%A5
dz
dA
—3=50;4%34, 4)
dz
where

o3 =2mw?x @k, 2.

It should be noted that the nonlinear susceptibilities x® and
x'®) may be significantly different since in the mixing process
we have three different frequencies which may permit more
optimum use of upper atomic levels. The features of the
solution of (4) are determined by the ratio A;(L,)/A3(L).
Full conversion efficiency of the two-cascade system is ob-
tained when, at the input to the second step one has

A%(L1)=0-4A%0 A%(L1)=0.6A"1’0 (%)

In this case the second-step output amplitudes are

/— AIO
A12)= 1+13/L3,
410
VI+LE[L3,
OLZ/-LZO

S(LZ) 1+.L2/L%0,

A3(L2) = V0.6 e

(6)

here

=(V12/5 03 A30)7".

Obviously when L,/L,o >> 1 one has 45(L,) = A4,, and all
fundamental wave energy is converted into its fifth harmonic.

When the same analysis is applied to the second scheme it
is found that full conversion efficiency is achieved when after
the first step (doubling) the amplitudes are

A%(L1)=0-2A%o A%(L1)=0.8A%0 @)

The physical interpretation of (5) and (7) is quite clear in
photon terminology: (5) shows that at the input of the second
step, the number of photons with energy 3hw must be a half-
integral of those with energy hew, since in every elementary
interaction one 3ficw photon is coupled with two hw photons
and produces a 5hew photon. Similarly, from (7), the number
of photons with energy 2hw should be twice those of hw.

523

Calculated phase-matched ratios in a mixture of xenon and
some metal vapors are presented in Table I for the type of
interactions considered here.

B. Four-Wave Mixing by Gaussian Beams

The high power densities required for efficient higher order
nonlinear processes in vapors and gases are achieved by focus-
ing. Since second-harmonic generation (SHG) and third-
harmonic generation (THG) in focused beams have been
studied in detail elsewhere [14]-[17], only four-wave mixing
which takes place in the second step will be treated in detail
here. Bjorklund [18] has recently presented a rigorcus treat-
ment of four-wave mixing in an isotropic medium. In his anal-
ysis, identical confocal parameters and identical waist locations
for all fundamental light beams were assumed. Here we ex-
tend this treatment to include the cases of interacting beams
with arbitrary confocal parameters and different waist loca-
tions. In mixing experiments the wavelengths of the interact-
ing beams may differ considerably, and with equal confocal
parameters (b; = kiw}y) the short-wavelength beam will
spatially overlap a smaller region of the longer wavelength
beam. This might suggest that the signal power could be
increased if the volumes of the focal regions are more equal
for all three beams.

In addition it is necessary to determine how critically the
output signal power depends upon the mismatch between
focal spot positions of the interacting beams. These two
points will now be addressed for the second step of the FHG
cascade.

We will study the process of four-wave mixing w, + wﬁ
Wy = wg with wave vectors

ko tkgtky=kstA, ®)

The fundamental beams at w,, wg, and w, are assumed to be
lowest order Gaussian modes which propagate concentrically
along the z axis oriented normally to the nonlinear media
surface as in Fig. 2. The cross section of nonlinear media is
considered infinite relative to the beam diameter. Similar
refractive indices for both linear and nonlinear media are
assumed. If a Gaussian beam passes through a thin spherical
lens located at z =0, then the amplitude of the beam is de-
scribed by the expression

A]'(x,y> O) =Af0 exXp [_ (x y ) (M}l ;;)] )
] 7

a1k, j=a,B,7.

©)

Here w; is the radius of the beam, R; is the radius of the beam
wavefront after passing through the lens. It is defined by the
curvature of the wavefront before the lens and the focal
length of the lens. The three fundamental beams propagate
along the z axis and may have arbitrary confocal parametalrs
and arbitrary waist locations. The absorption for all fre-
quencies and the depletion of the fundamental beam amph
tudes by the nonlinear process are neglected. 3

Under these assumptions the propagation of a Gauss '
beam is described by the equation

2 i (2 a2>]
—+— (= +—3]| 4,=0.
[az 2k; (ax2 /)

The solution of (10) for the initial condition (9) is

(10)
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TABLE 1
THE PHASE-MATCHED! RATIO OF Xe To MEeTAL AtoMms FOR THG AnD
FHG or Nd:Grass Laser Rabiation (A = 1.06 )

\. NXe/Nmetal
interaction ‘I wrwtw = 30 | wtwrdw = Sw 2u+2wtw = Sw | wrutwtwrw = Sw
metal
Li 152.7 12.6 - 33.3
Na 150.4 9.6 - 30.2
K 325.3 31.5 - 75.6
Rb 412.5 39.8 - 95.8
Cs 660.7 70.9 11.8 160.1
Ca 242.4 - 58.3 31.9
Ccd - 34.4 33.1 31.1
Mg - 28.7 19.1 15.6
Zn - 255.6 243.7 215.2

!The refractive index of Xe was derived from the Koch formula [17];
the refractive index of metal vapors was calculated from the standard
Sellmeier equation and data as follows: alkali metals {17],Ca [24],Cd
[251, Mg [26],Zn [27].

V7277

Fig. 2. Fundamental beam focused at z = f; in an isotropic nonlinear
medium. Focal spot radius at f; is wjo.

_ Ajo Xyt 1y
Aj(x,y,z)—gj(z) exp[ £(2) <w]z 2R.>]

where

f; Lo

(11

z | 2z

z ;27
25

Ry kywi

Ej(z)=1- 1£;(2)1

is a dimensionless measure of the beam cross-section variation
along the z axis due to focusing and diffraction. If one trans-
lates the beginning of the coordinate system to the point f;
(Fig. 2) where the beam cross section is a minimum (focal
spot) with the substitution

8= (2~ 1) (12
7
then
A%, 3,8 = ’°wp6ﬁgﬁlﬁ) (13)
PRt -y b1 - if))
where

aooa [[FR_ N\l
: _— - - l —]
7o 70 k]WIZ 2R]

is the electric field amplitude at the center of the focal spot
(0, 0, f;) and b; = 4/k;a} =kw?, is the confocal parameter,
@; being the far-field semiangular spread of the beam.
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The equation describing the behavior of the signal ampli-
tude A is

9—+#(—?i+—a—2—) Ag=-i04,Ag4 -iA

dz 2k \ox? ap? )]t adpdy exp (-iAz)
(14)

where 0=2mw?x ®k,e®.  With the initial conditons,

Ad(x, y, 1,)=0, 4;=A4;(x, y, I;) at the interface z =1, the
solution of (14) is

0A 04504
A4(x,p,2) = =i 0o
2 42
z €Xp (— Zmlé) —iAT) dr
. 15
L NEEG) >
where
1 1 ik; 1 T-2Z
g=—"~1— " —| m@n)= +i ,
d é(:"j('r) [Wf 2R]] 1( ) 4(goc +gﬁ +g’y) st

ma(7) = £(7) £(7) £ (7) (80 + 85+ &y)-

Integrating over the intensity distribution gives the signal
power Pg:

eng (© 7 128n,0%Pyo Pgo P,
Ps=—sf f A A¥ dx dy = ——— <0 B0
81l . Jw e nongn, wiwiwl

‘ ° o exp [-iA(r - 1')]
X -J; dTJ,‘l dr my (D mEE N [m (D +m¥H]

(16)

Py = 16A,~0A]-”(‘)/cn]-w]Z is the fundamental beam power at
frequency wj.

In further calculations we will neglect the difference be-
tween indices of refraction except in the expression for A,

The expressions for the signal amplitude (15) and signal
power (16) can be extended in a very simple way for the
other four-wave interactions, such as

1) for the process wqyt+wg=-w, =w,, kotkg-k, =
kg + A by the following replacement:

A’yo _)A’;f()’ g’)’ _>g;<: E’y —)E;‘;

2) for the process Wy~ Wg- wWi=w,, ko~ kg-ky=
kg + A by the following replacement:

Ago > Afo, Ayo >A%o, 2585, &y 8%,

kg >EF, £, E5.

Thus the formulas (15) and (16) describe the signal ampli-
tude and the power for all types of four-wave interactions in
an isotropic medium between coaxial Gaussian beams with
arbitrary confocal parameters and beam waist locations on
the z axis.

Simplification of these expressions must be performed
explicitly for each experimental situation. It is seen that

in most cases the signal is not of a lowest order Gaussian
mode.
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Here we present in detail the dependence of the sum-mixing
power Py on the beam confocal parameters and on the posi-
tions of the beam waists for FHG. Numerical computations
have been performed for differént values of the parameters
of interest. In order to determine the optimum conversion
efficiency for a practical system, special attention was paid
to the following three situations:

1) equal confocal parameters by, = bg = b, ;

2) equal cross section of the beam waists wy o = Wgo = Wyo-

3) equal volume of the beam waist regions bow2o = bgwf;o =
b,y W,Zyo .

For the most efficient of these three configurations, the
dependence of the signal power Py on the relative beam focal
spot positions f; was studied.

For this purpose some new parameters in (16) will be
introduced. If the distance between focal spot f; and input
surface (Fig. 2) of the nonlinear medium is ly, the parameter
d=1y/L will define the minimum spot size position. The
focal points fg and f, are on the z axis and f3 ~ fo = 6g0,
fy~fa=08y0. Ogo and b,¢ are permitted to be either nega-
tive or positive depending on the positions of f; and f,, relative
to fo-

Substituting

=2 £ an

(16) becomes

_ 1280°PooPgoPyoksky (1 + 25+ ,)

N
c2

AL
"qgdyJo (d,—z—,qj,ﬁz,tz> (18)

and

AL 2(1-4d) 2(1~-d) ,
Jo (d, —i*,qj,tsz,fl) = f dn f dn
-2d -2d

exp ["iA—zL (n- n')]
Mao(MmEo(n') [mio(n) + mis(n")]

where

(19)

1+tﬁ+t')'
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g; = L/b; is the focusing parameter.
When the confocal parameters are equal (b, =bg=b,)
and the focal spots coincide (85 = 8., = 0), then (19) becomes

AL
Jo (d, ——2—‘,40‘,0, t1> = %(1 tigt t,y)_2

20

iAL 2
2(1-a) XP |~ 577 dn
J:zd (1 - iqan)z

an integral which has been investigated elsewhere [15]-[18].
It should be noted, however, that only in this case is the
resulting beam in a single Gaussian mode. For any other con-
figuration a multimode output results due to the mismatch
between the size and position of confocal parameters of the
interacting beams and the induced polarization.

For the evaluation of Jy as a function of AL/2 for various
sets of other parameters we have employed a fast Fourier
transform [19]. Numerical calculations of the integral (19)
were performed for FHG for the interactions w+ w + 3w =
Swand w+ 2w + 2w =5w. In the expressions to follow the
indices o, 8, v, and s will be replaced by 1,2, 3, and 5 for the
fundamental, second harmonic, third harmonic, and fifth har-
moric, respectively. In the first interaction the two waves of
the fundamental frequency are identical, thus 7g=1, ¢z, =3,
41 =qp, and 65 =0. We believe, as pointed out in [17], that
when tight focusing is employed and the focus position is
far enough from both ends of the nonlinear medium
(1/g; <d<1- 1/g;), the value of J, is almost independent
of the exact position of the focus. In our calculation, d = £
was chosen. The calculated products g,q3Jo are plotted in
Fig. 3 for the confocal parameter g; =20 and the step
8(AL/2y=m. To obtain the confocal parameter configura-
tion mentioned above the confocal parameter of the third
harmonic and its waist location were changed as indicated in
the corresponding curves in Fig. 3. In curve g3 =20 the
maximum value occurs at AL/2 =~ 6w which corresponds to
A=2/b, obtained from the analytical approximation for
infinitely tight focusing. The maximum of g;43Jy at given
confocal parameters moves towards smaller values of AL/2
when ¢; <gq, and towards larger values of AL/2 when
43 > q, . In both cases its absolute value decreases.

For equal confocal parameters gq; =¢5 =20 we have cal-
culated the influence of the focal spot mismatch on the

mio(x) =

(1-igex)™" +13q5/q,(1 - iqex +i85q) + tyqy/qe(1 - iqyx +i8.,q,)

+igyx

mao(X) = (1 -~ iggx +i8qp)(1 - iqyx +i8,q,)

1=8,7)

+ Jo (1-igex) (1 -igyx +i8.,q,)
1598
+ o (1 - iqax) (l - ZQ5X + 18,3613)
Ly Gy
28 k; ,
81=—LL0—3 tl=;c.;9 (]=a3697:
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aaydo

Fig. 3. Function g;g3Jo versus AL/27 for sum-mixing w+ w+
3w=5w. g1 =q3=20. Curve g3 =20, corresponds to equal con-
local parameters; g3 = 20/3, equal cross sections of the beam waists;
g3 = 20/</3, equal beam waist volumes.

signal power. Two curves are shown in Fig. 3. For 63 =0.02
the maximum of ¢,q3Jy decreases by ~3 percent and at
63 =02,q9.93Jp is ~30 percent of its optimum value. From
these and other calculations with different 63 we conclude
that the accuracy of coincidence of the focal spots for w and
3w needs to be better than 0.1 b, .

Fig. 4 presents the results for g; = 1. The maximum value
of g1q3J¢ occurs again for equal confocal parameters g, =
gs =1. For weaker focusing the sidelobe structure is more
evident. It was found that ¢,q3Jy decreases less than 2 per-
cent when a mismatch 8, = 0.2 was included. Thus one can
expect that with weaker focusing conditions the influence of
focal spots mismatch will decrease.

The results for the interaction w+2w+2w=5w are
plotted in Fig. 5. Here tg=t,=2,q3 =9, =q,,and 6g =6,.
It should be noted that the curve with g, = g3 = 20 is the same
for both interactions as follows from (20). With variation of
the parameters g, and &, the behavior of g3J, is similar to
that for the interaction w + w + 2w = 5w. The same accuracy
of focal spot coincidence as above is also required.

Thusit is seen from these calculations that the fifth-harmonic
power has its maximum value for equal confocal parameters.
Although we have no analytical proof we believe this to be the
general case for the four-wave sum-mixing process.

IV. FHG i~ IsoTrROPIC MEDIA WITH THIRD- AND
FIFTH-ORDER NONLINEARITY

In this section FHG in an isotropic medium with nonlinear
polarization expressed as :
PNL = y()EEE + x() EEEEE (21)
will be considered.
In such a medium the fifth harmonic results from two simul-
taneous processes:

1) the step processes involving the third-order nonlinearity
wtwtw=3w and wtwt3w=5w
kl +k1+k1=k3 +A13 k1+k1 +k3=k5+A135 (22)

2) the direct process involving the fifth-order nonlinearity
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Fig. 4. Function g1q3Jy versus AL/2x for sum-mixing w+ w+ 3w =
5 w,q1=g3= 1. Curve g3 = 1 corresponds to equal confocal param-
eters, g3 = %, equal cross section of the beam waists; g3 = 1/\/3—,
equal beam waist volumes.
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Fig. 5. Function q%Jo versus AL/2w for sum-mixing w+2w+
2w=5w. g1 =20. Curve g, =20 corresponds to equal confocal pa-
rameters; ¢, = 10, equal cross section of the beam waists; g, =
20//2, equal beam waist volumes.

wtwtwtwtw=5w,

kytky tkytkytky =ks A (23)

where, obviously, Ajz + Aj3s = Ays.

We have shown in Section II that with the use of suitable
combinations of vapors and gases, it is possible to obtain dif-
ferent values of the wave-vector mismatch including A3 =
Ayzs =A;s =0. In Section III-A it was found that when the
cascade system is used it is possible to convert all the energy of
the fundamental frequency to its fifth harmonic. It is there-
fore interesting to determine what the maximum conversion
efficiency would be for only a single cell having nonlinear
polarizability described by (21), under the same plane-wave
approximation.

4. Plane-Wave Approximation

From Maxwell’s equation for a lossless nonlinear medium,
with a polarizability expressed by (21), the following set of dif-
ferential equations for coupled amplitudes of the interacting
waves are obtained [13]:
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%-‘- -i01AT? A5 exp il 3z - i01AT A5 expidysz
- i01ATA%As expidissz
%= -i03 A3 exp -ily32 - (0, AT A5 expiliasz
dds . o . . g .
P e 0sA] exp ~1A152 - 1044745 exp-il;35z  (24)
where

01 = 6mwx®/eny, 03 = 6mwxens,

o) =4nwx®en,, 0, = 6mwx ®ens,
04 = 107w Pens, o) =10mwxS/en,,
0s = 107wx®cns .

We have performed a numerical integration of (24), which
has been verified by using the usual energy balance equation
for alossless medium:

141(@) P +143(2)I* + [45(2) > = constant (25)

to an accuracy of better than 1 percent. Numerical integration
is possible in complex numbers but, in the present case, the
following procedure was adopted. Introducing the real ampli-
tude and phase of the waves, then

Aj(2) = A}(z) exp (i16;(z))
and through normalization

a;(z) =4;(2)/41(0) Z=z0341%(0)=2z/L3,.

- (26)

The coupled amplitude equations (24) then become

da1 . g
= ~G1003 a3 Sin ¢ - 010at as sin Y - oloaiasas
Z

-sin (Y - ¢)
d
Lj:a? sin ¢ - 0200%05 sin (‘IJ - ¢)
dz
das

71‘2.‘= 0Os0d} sin Y + 0400} a; sin (Y - ¢)

d -
;,g'*' A3 =(@l/a; - 3010a1a5) cos ¢ - 301083 as cos Y
Z

+ (0304} asfas - 3070asas) cos (Y - ¢)
d‘p.'_z —— 5 ! 3
A =-5010a1a3 c0s ¢ + (050ai/as - 501041 0s)
- cos Y + (04043 asfas - 5050a3as) cos (Y - ¢)
@27
where
Ay =A3/03A4%, Ays = Ays/03A4%,
010 = 0,/03, 020 = 02/03,

- "o n
040 = 04/03, 010 = 01/03,
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- )
050 = 05A410/03,

\ZI= 501 = 05 - Alsz.

010 = 01475/03,
¢=36,-03- A3z,

These equations have been numerically integrated for param-
eters corresponding to a nonlinear medium consisting of a mix-
ture of Na, Cd, and Xe. Difficulties arose in defining some of
these parameters due to a lack of knowledge of the principle
nonlinear susceptibilities.  We assume the atomic susceptibili-
ties x$3) =x/(3) = 8.5 X 1073 ESU, calculated by Eicher [20]
for tripling of A= 1.06 u in Na. In addition we note that in a
mixture of Na+ Cd+ Xe the contribution to x(s) and x'(s)
from Xe atoms can be neglected but the contribution from Cd
atoms might be comparable and even greater than that of Na
atoms, especially in x' @) Much more uncertainty arises in
x'5). FHG in gases was reported by Harris [4] but no esti-
mates of x(5) were given. Calculations using perturbation
theory have yielded for sodium x§*) = 6.7 X 10745 ESU [21].
In the present case, for lack of better values, we will assume
similar values for susceptibilities x>, x.(*?, and x{* for Cd
and Na. Thus, for a fundamental power density of 2 X 10!
W/cm? (limited in the case of Na by multiphoton ionization
[2]) one obtains

010 =020 =1, 07 =0.667,

040 =1.667, 010 =050 =0.0221,

L3o =(0342©0) ' =63 cm, (V=107 atom/cm?),
Lso = (0547 (0)™" =283.6 cm.

In addition 019 =050 =1 and L3y =Lso =0.14 cm when the
power density is 9.1 X 10*2 W/cm?.
The following initial conditions were assumed:

a:(0)=1, a5(0)=a5(0)=107%, ¢(0)=¢(0)=0.

The solution of (27) for A3 =A;s =0 and 6hp = 0so =
0.0221 is shown in Fig. 6(a). The third-harmonic amplitude
reaches its first maximum, a; = 0.6, at Z=1.3 and the fifth
harmonic reaches its first maximum, a5 =0.89, at Z=7. We
have calculated the amplitudes for Z'<< 130, but experimental
conditions limit practical values of 2 <X 10, and hence, only the
dependence of the normalized amplitudes is presented for
small values of Z. Although there is a periodic exchange of en-
ergy between interacting waves, a simple periodic function
does not always exist due to the competition of both step-wise
and direct processes. For example at 2 = 62.8,a3 = 0.95 and at
Z=103.2,a; = 0.97. To compare the contribution of step and
direct processes we have calculated the amplitudes for the case
when 0o = 050 = 0 (this is the situation when x®) =0). The
difference between solutions for both cases is less than 10 per-
cent for Z< 10. For larger 7, significant differences exist. To
explain this we note that the growth of the fifth harmonic re-
sulting from the step processes depends on z/L 34, whereas the
growth of the fifth harmonic resulting from the direct process
depends on z/Lso. In Fig. 6(a), Lag/Lse =0.0221 and sub-
stantial influence of the direct process will appear only at
longer 2.

When the power density is increased to a value permitting
010 = 0s0 = 1 [(Fig. 6(b)], the normalized amplitude of the
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Fig. 6. Variation of normalized fundamental-, third-, and fifth- harmomc
amplitudes for perfect phase matching Aj3 =435 =0. (a) ojg =
gs0 = 0.0221, (b) 019 =059 = 1. Curvesazgz and asg represent the
growth of the third and fifth harmonics by the direct process only.
Note that Z=z/L3p and in (a) L3o/Lso=0.0221, but in (b)
L3olLso = 1.

fifth harmonic is @5 =0.94 at Z=7. This corresponds to an
energy conversion efficiency of 90 percent. Comparing both
Fig. 6(a) and Fig. 6(b) one can observe the difference in
growth of a5 due to the different ratio of Lyo/Lse. We note
that the higher order harmonics are growing slower than those
of lower order even in a single direct process. For example if
every harmonic is generated only in a direct process then the
growth of the normalized harmonic amplitude from zero with
the normalized distance Z, =zo0,A4%;" is at 2<0.5 (and
a,4 <04, a; >09) almost the same for all harmonics up to
the fifth. However the value a,3 =0.894 is reached for the
second harmonic at z, = 1.44, third harmonic at 23 = 2, fourth
harmonic at Z; = 2.95, and fifth harmonic at Z; =4.67. The
exact functions a; ,(2) and a5 ,(2) are shown in Fig. 6.

In Fig. 7(a) the amphtude growth for g} = 050 =0.0221,
A1s 0, A;; =-4.54, and A13 -9.32 are shown. A,z =
-4.54 corresponds to a mixture of Na+Cd+ Xe with
T =810 K having saturated Na and Cd vapor concentrations
with Nga/Nna =3.35 and Ny, =10'7 atom/em®. A5 =
-9.32 corresponds to a Cd + Xe mixture with Nggq = 1017
atom/cm®. In Fig. 7(b) the same parameters as in Fig. 7(a) are
employed, except that o1 = 050 = 1. In the case of Fig. 7(a)
the step processes are more important and the third harmonic
changes periodically. Decreasing A, 3 leads to a significant im-
provement in as. In Fig. 7(b) the direct process is comparable
with the step process and even at larger A3 =-932, a5 is
higher. In this case the interference between step and direct
processes is substantial for the fifth-harmonic amplitude.

In a phase-matched mixture of Na+ Xe for third-harmonic
generation (A3 =0) A;s =-173.5, the maximum value of as
is less than 3.5 X 1073 and a5(Z) = 1 when Z >> 1 following
(3).

The important result from these calculations is that in a
single cell of isotropic media, phase matched for step and di-
rect processes (A3 =A;5 =0), the conversion efficiency of
fundamental radiation into its fifth harmonic is comparable to
that obtained in a cascade scheme. In a cell with a Cd+
Na + Xe mixture with variable Xe concentration, it is possible
to obtain A,;3 =0 and generate the third harmonic, or A3 =
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Fig. 7. Variation of the normalized amplitude of the fundamental,
third, and fifth harmonics for A15 =0,A;3=-4.54 and &,3 =-9.32.
(a) 010 =050~ 0.0221, (b) 0‘10 =050~ 1.

A5 =0 and generate the fifth harmonic. It should be noted
that in the above analysis we have not discussed the case when
different signs of x®, x'®), and x(5) exist because of the lack
of experimental or theoretical data.

B. FHG by Focused Gaussian Beam

To extend (24) for a light beam with finite cross section,
transverse derivatives should be included. However, some sim-
plifications are necessary to permit analytical solution. We
will thus neglect depletion of the fundamental amplitude,
(hence 4,(z) = constant) and also the term 0,4F %45 in the
second equation of (24) (this term describes the depletion of
the third harmonic arising from its partial convertion into the
fifth harmonic). Under these assumptions, FHG is described
by the following set of partial differential equations:

KN AY

—+ _Z__ (__.é_-{- .Y Al =0
19z 2k; \Ox* 0y*/ |

[0 i (82  8%\]
_— e —_—— =

|0z 2ks <8x2 ayz)_ 43
NN
|0z 2ks \ox?  9y?/]

iU4A%A3 €Xp _iA135 Zz.

=-jo3A} exp -il 3z

A5 = "l'O'sA?

cexp ~ilA sz - (28)

The initial conditions are A4;{x,y,0) from (9) and

A3(x’yall) =AS(X,)’, ll) =0 (See Fig 2) i
Without focusing of the pumping beam [R = in (9)] and
negligible diffraction for fifth-harmonic amplitude we obtain

x2 +y2
As(x,y,z)=Af0 exp (_5_—72‘—
Wy

exp (-iA;5z) - 1
'[(05 + 0304/A13)_A‘—1‘5“)—
» 15

_ 0304 €Xp (-ily352) - 1]
Ays Ayss

(29)
and therefore the effective fifth-order nonlinear susceptibility
is

X = X + 20 X' Pfny(ny - n3). (30)
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We recall that in gases and vapors it is possible that the values
of ¥ and x'®) are different. Note that the oscillator
strengths among the electronic states of an atom and the res-
onance enhancements which are most responsible for the val-
ues of x(s) and x'(3) are also responsible for the value of x(s).
A resonance of twice the pump frequency is particularly de-
sirable since it will increase all these nonlinear susceptibiljties.
As seen from (20) the relative signs of x®, x'®), x(3), and
(ny - n3) are important. Atoms with approximately equal ab-
solute values of susceptibilities and dispersion, but different
signs, would have different values of xg‘g For example in a
mixture of Xe + Na, when ny =ng, ny ~ n3 >0 and in a mix-
ture of Xe + Cd, when n; =ns,n; - n3 <0.

Successive solution of (28) substituting (17) gives for the
fifth-harmonic amplitude

.0sLByg exp (-idys f1)
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mations are possible. Here we will discuss the case when
d=1, eg., the focal spot is in the center of the cell.

If X =) =0 only direct FHG exists and J; =J;. For
infinitely tight focusing, /4 reaches its maximum at A;5 = 6/b,
[12]. |J4]? as a function of A,sL/2 is plotted in Fig. 8 for
g1 =20. The optimum value for A 5L/2 = 197 corresponds
to A1 5 = 6/b1 .

When step processes are taken into account the value of J;
depends on Jy and W. Some consideration of the behavior of
J; will be given. J can be presented as a complex number:

Jg(A13sLf2, D13L[2,q5) =Re Jg +ilm Js.

As seen from (32) the product WL ImJ, is added to J4 and,
depending on the signs, the sum should be J4 = |WL Im Jg|.
It is easy to prove that the real part can be presented as
d=1

X, Y, 1) =~ , ,
As(x.3, 1) = 2(1-1q,) ReJ =_1_J‘1 eXP(‘lAlssﬂ)dnfl exp (-iA37) dr
ox (_ Skl(xz +y2)‘>J s 2 -1 (1 - iQ177)2 -1 (1 - i‘IlT)z
P\ 0= ig) (31) (35)
JL(ArsL2, AusLf2, W, qs,d) = -“2(1 D exp (-iAysLn/2) dn .WLJ‘Z(I_d) exp (“iAmsLT?/z)d’flfn
b l s
1{A1s 13 4 - lqln)" ~2d (1- lqn)z 2d
exp (-iAy3L7/2) dr :
. =Jg4 - iWLJ,. 32
(-igry 4 % ¢
Here W=0304/205. Then for the fifth-harmonic power we and, making the substitution x = yq,, we obtain for an infinite
obtain medium
32768 k{P5,0%q) . ., % »
R e 171 FALE (33) Rer=—;—f exp (~iA35b,1%/2) dx

The fifth-harmonic power is governed by the integral (32) and
its optimization will now be discussed. The first integral J; in
(32) results from the direct process and the second integral J;
from the step processes. The total value of J; depends also on
the value and the sign of W which is the ratio between the non-
linear susceptibilities of the third and fifth orders:

W= 6TT2NX£3)X:,(3)/H3 }\1 ng)

For N=10'7 atom/cm®, A, =1.06X 10™* cm, and the
above-cited values of xf,s), x'(3) and xf,s) we obtain W = 6.02
ecm™ . For weak focusing q; <1, and the maximum fifth-
harmonic power is obtained for phase-matchirig conditions
Ay3 =A;5 =0. Then the integrals in (32) may be performed

to give

6-8¢3(1-3d+3d>)-i12q,(1-2d)-i6WL(1 - i2q,d) (1 - i2q, +z2q1d)

(1- x)?

. J‘w exp (-iA;3b,)/2) dy
o (1- i)
= % ﬂzb%AIBAwS exp (-b1415/2), Ay3s >0,
* A13 >0.

=0,4y35 <0,4;3 <0; or A3 <0;

or A3 <0. (36)
The maximum value of Re J; is obtained when A3 = A;35 =
2/by which corresponds to Ays =2A,3 =4/b;. For tight fo-
cusing, Re J; is negligible when A,3 < 0. This is the case for a

Ji =

At d = 5, the function J; reaches the maximum values for
both its 1ntegrals

J1 =2(1- 433~ iWL(1 +qD)/(1 +4)°.

With strong focusing, 4, > 1 because of the phase shift in the
waist region for optimum conversion efficiency some wave-
vector mismatch A should be introduced to compensate for
this shift. Before evaluation of (32), some analytical approxi-

3(1 +i2q,d*(1- i2q,(1 - d))®

(34)

mixture of an inert gas and Cd, Zn, or Mg. A, is positive for
a mixture of an inert gas and an alkali metal.

We did not succeed in finding a simple enough analytical ap-
proximation for the function Im J;. However to obtain a qual-
itative estimation, the following procedure was adopted. For
d= %, qi = 20, the integral J; was numerically calculated using
the same technique as for integral (19). Sets of points were
found in the plane (A 3sL/2, Ay3L/[2) with the interval be-
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Fig. 8. Functions Jj(A15L/2,20), ImJg(6m, A33L/2,20), Im
Jo(m, Ay3L{2, 20), and Re Jg(6n, Aq13L/2, 20) versus wave-vector
mismatch Ajg.

tween them 6(A;35L/2)=6(A3L/2)=n/2. Some of the
most interesting results are shown in Fig. 8. The behavior of
Re J; corresponds to the analytical approximation obtained
above. (ReJomax is achieved at Ay3L/2=A35L/2= 6.
The calculated value of (Re Jg)pax is 0.37 percent less than
the maximum analytical value derived from (36) at A3 =
Ayszs =2/b;. In an area where A;3 or A;35 or both of them
are negative, Re J; has periodic positive and negative values
and is at least three orders of magnitude less than its maximum
value.

The investigation of Im I, shows that the plane (A;35L/2,
Ay3L[2) can be divided into three areas:

1) That area defined by inequalities A;35 >0 and |A31<
Ayss. In this area Im Jg < 0 and reaches its maximum value at
the point Ay35L/2=12m, Ay3L{2 =7. ImJ; as a function of
Ay3l/2 at Ay3sL/{2=mand A,35L/2 = 67 is shown in Fig. 8.

2) That area defined by inequalities A3 >0 and |A;35]<
Aj3. In this area Im J; > 0 and reaches its maximum at the
point AyssL/2=m, Aj3L/2=12n. The areas 1) and 2) are
divided by the diagonal A;3 =Aj;5 on which ImJ; =0
(Fig. 8). The values of Im J in these two areas are symmetric
and

[(Im Jg(AyasLf2, A3Li2)1, =
-[ImJ5(A13L/2, Ar3sLi2)] .

3) The rest of the (Ay35L/2, Ay3L/2) plane is the third area
where Im J; is changing its sign with variations of the variables
and its absolute value is at least three orders of magnitude less
than (Im Jg)max. Other calculations for different ¢, between
10 and 20 show the same behavior. They also permit us to
conclude that Im Jg(A;35L/2, Ay3L/2) has a maximum abso-
lute value at the points (Ay3sL/2=m, A3L/2=4/b;) and
(Ay35L)2=4/b;,A3L/2=7). Some use of this behavior of
Re J; and Im J; may be exploited when the measurement of
x'%) is performed.

When J, is calculated as a function of A;s(or A;3) for a spe-
cific mixture it should be noted that for every given value of
A, ;5 there is a corresponding exact value of A;3 defined by the
dispersion law of the nonlinear medium. To achieve some in-
dependence between A;s and A, ; it is necessary to use a mul-
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Fig. 9. Optimization of FHG power represented by
IJ1(A1sL/2, Ay3L/2,20)1? as a function of Aj 5 for mixture of Na +

Xe and Cd +Xe. Functions |Jg+ WL Im L1, , xo and giRa+xXe
are presented for comparison.

ticomponent gaseous mixture. However, such an approach
would involve further practical problems.

The functions /4712, IJ1|?, and |J;+ WL ImJg|*> versus
A, sL[2 for a mixture of Na+ Xe are plotted in Fig. 9. For
this mixture A;3 >0 when A;; >0 and ImJ; > 0. In the
same figure, }J;|* for Cd + Xe is plotted, for which A;3 <0
and A;s > 0. In this case Re J; =0 and Im J; < 0. Because
of the different sign of A3 the ratio

|J1 |2Na+kXe/|Jl I%d+Xe ~8
while
|Im Jsllz\la-;-Xe/'Im Js%d+Xe = 2

in their maxima. For both mixtures W=6.02 cm™ and
L =20 cm were adopted. With this value of W the fifth har-
monic resulting from the step processes is greater than that
from the direct process. Hence the maximum of |/; |2 moves
towards lower A;5L/2 values. The accuracy of these curves is
less than that in the other figures because of the step
calculations.

V. SUMMARY

In this paper we have discussed the theory of the most prom-
ising schemes for FHG of powerful laser radiation. The plane-
wave approximation has been applied to the cascade process
and also to the scheme employing media with third- and fifth-
order susceptibilities, to estimate the maximum conversion ef-
ficiency. Comparable efficiencies were found for both
schemes.

Expressions for the signal amplitude and the power for four-
wave nonlinear processes in Gaussian beams with arbitrary con-
focal parameters and waist locations have been derived. In the
case of FHG, maximum output from the mixing step is ob-
tained for equal confocal parameters of all the interaction
beams. Thus a practical system should have a simple arrange-
ment since SHG and THG are also optimized at equal confocal
parameters. The analysis of FHG with a focused beam in a
nonlinear media with third- and fifth-order susceptibility shows
that consideration of interference between step-wise and direct
processes is important for fifth-harmonic efficiency. For nu-
merical estimation of various processes more data are neces-
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sary, especially the nonlinear susceptibilities, A two-photon
resonance will provide substantial enhancement in all nonlinear
susceptibilities involved and consequently increase the conver-
sion efficiency of the system.

Finally we note that these results are applicable to FHG with
IR lasers using molecular gases as nonlinear media [22}, [23].
The relatively weaker dispersion in the IR may pose less tech-
nical problems to achieve multistep phase matching.
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