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The chirp of the xuv supercontinuum generated by a polarization gating is investigated by comparing
three-dimensional nonadiabatic numerical simulations with classical calculations. The origin of the chirp is the
dependence of the energy gain by an electron on the return time. The chirp is positive and its value is almost
the same as that when a linearly polarized laser is used. Although the 250-eV-wide supercontinuum corre-
sponds to a single attosecond pulse, the shortest duration of the pulse is limited by the chirp. By compensating
the positive chirp with the negative group velocity dispersion of a Sn filter, it is predicted that a single 58-
as pulse can be generated.
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The shortest optical pulse generated so far is 250 as,
which was from high-order harmonic generation using 5-fs
linearly polarized laser pulsesf1g. The pulse is still signifi-
cantly longer than 1 atomic unit of time, i.e., 24 as, which is
the time scale of electron motion in atoms. For studying and
controlling such motion with high precision, it is desirable to
have even shorter single attosecond pulses. A typical high-
order harmonic spectrum shows that the intensities fall off
drastically for the first few orders, then remain almost con-
stant for many orders, forming a plateau, and finally cut off
abruptly for the highest ordersf2,3g. When the carrier-
envelope phase of the 5-fs laser pulse is close to zerosa
cosine pulsed, the spectrum in the cutoff region is a con-
tinuum, which was extracted by spectral filtering to produce
the single attosecond pulsef1,4–7g. The pulse duration was
limited by the bandwidth of the continuum, which is less
than 20 eVf7g, and by the bandwidth of the multilayer mir-
ror, which is 5.1 eV full width at half maximumf5g.

The generation of a single attosecond pulse less than
100 as in duration requires a continuum broader than
,40 eV f8g. The exact value of the bandwidth depends on
the pulse shape and the phase of the pulse. Recently, it has
been demonstrated experimentally that a supercontinuum
covering the plateau and the cutoff region is generated using
a laser pulse with a time-dependent ellipticity. The laser
pulse is composed of two circularly polarized 8-fs pulsesf9g.
Theoretically, a supercontinuum wider than 100 eV can be
generated by a polarization gating using 5-fs laser pulses
f10g. So far, a significant amount of effort has been devoted
to theoretical and experimental studies of polarization gating
f11–15g. However, the chirp of pulses generated with this
technique is still not well understood. In this communication,
the spectral phase of the supercontinuum generated by a po-
larization gating is investigated, and the chirp of the attosec-
ond pulse as a result of phase variation is analyzed.

The high-order harmonic spectra and phases are studied
by numerical simulations utilizing a three-dimensional nona-
diabatic techniquef16g adapted for harmonic generation us-

ing a driving pulse with a time-dependent ellipticityf10g.
Helium was chosen as the target gas. First, the harmonic
generation from a single atom was simulated. Then the mac-
roscopic harmonic signal was calculated by solving a three-
dimensional wave equation for the harmonic field. It was
assumed that the laser pulse with a time-dependent ellipticity
is formed by the superposition of a left- and a right-circularly
polarized Gaussian pulsef14,15g. The peak field amplitude
E0, carrier frequencysv=2p /2.5 rad/ fsd, pulse duration
stp=5 fsd, and carrier-envelope phasesf=p /2d are the same
for the two pulses. The delay between them isTd, which is
two times the optical period, i.e.,Td=5 fs. The electric field
of the combined pulse isEstd=Exstdx̂+Eystdŷ. x̂ and ŷ are
unit vectors in thex andy directions, respectively. The two
components of the laser field are

Exstd = E0x̂HexpF− 2 lns2dS t − Td/2

tp
D2G

+ expF− 2 lns2dS t + Td/2

tp
D2GJcossvt + fd,

Eystd = E0ŷHexpF− 2 lns2dS t − Td/2

tp
D2G

− expF− 2 lns2dS t + Td/2

tp
D2GJhsinsvt + fd. s1d

The laser field is linearly polarized att=0, while the ellip-
ticity increases withutu.

The single-atom response was calculated by the nonadia-
batic Lewenstein modelf16,17g. When the ellipticity of the
driving pulse changed with time, the two transverse compo-
nents of the dipole moment were calculated separately. Cal-
culations showed that the amplitude of the harmonic spec-
trum alongŷ was much smaller than that alongx̂. Thus, only
the latter was considered. The dipole moment along thex̂
direction of the laser field was calculated by the integral*Electronic address: chang@phys.ksu.edu
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dtS p

« + it/2
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*fpsst,td − Astdge−iSsps,t,td

3 hExst − td ·dxfpsst,td − Ast − tdg

+ Eyst − td ·dyfpsst,td − Ast − tdgjuastdu2 + c.c., s2d

whereAstd is the vector potential of the laser field,« is a

small number,Ip=24.59 eV is the ionization potential of the
helium atom, andastd is the ground-state amplitude as cal-
culated by the Ammosov-Delone-KrainovsADK d theory
f18,19g. The helium atom was chosen to avoid significant
depletion of the ground state at the calculated intensity 1.4
31015 W/cm2. The field-free dipole transition matrix ele-
ments between the ground state and the continuum state are

dx
*fpsst,td − Astdg = − i

27/2

p
a5/4 ps,xst,td − Axstd

hfps,xst,td − Axstdg2 + fps,yst,td − Aystdg2 + aj3 , s3d

dy
*fpsst,td − Astdg = − i

27/2

p
a5/4 ps,yst,td − Aystd

hfps,xst,td − Axstdg2 + fps,yst,td − Aystdg2 + aj3 . s4d

The two components of the canonical momentum of the elec-
tron corresponding to a stationary phase are calculated by
ps,xst ,td=et−t

t dt9Axst9d /t, andps,yst ,td=et−t
t dt9Ayst9d /t. Fi-

nally, the quasiclassical action of the electron is calculated by

Ssps,t,td = Ipt −
1

2
fps,x

2st,td + ps,y
2st,tdg

+
1

2
E

t−t

t

dt9fAx
2st9d + Ay

2st9dg s5d

wherea=2Ip.
The macroscopic harmonic signal from all the atoms in

the target was calculated by solving the wave propagation
equation in the moving frame of the harmonic field
EsvH ,r ,z8d in the frequency domainf16g,

¹'
2 EsvH,r,zd −

2ivH

c

]EsvH,r,zd
]z

= − vH
2 m0PnlsvH,r,zd

s6d

where vH is the frequency of the harmonic field,r is the
transverse coordinate,z is the propagation coordinate in the
moving frame which has the same value as in the laboratory
frame,c is the speed of light in vacuum, andm0 is the per-
meability of free space. The nonlinear polarization
PnlsvH ,r ,zd~xsvH ,r ,zd. xsvH ,r ,zd is the dipole moment of
an atom atsr ,zd that is the Fourier transform of thexst ,r ,zd
calculated with Eq.s2d for the atom.

The laser is a Gaussian beam propagating in thez direc-
tion. Cylindrical symmetry with respect to thez axis is as-
sumed. The beam waist at the focus isw0=25 mm, which
gives a Rayleigh rangezR=2.6 mm. A 1-mm-long gas target
is centered at 2 mm after the laser focus. The atomic density
of the target is assumed to be a constant. Equations6d is
solved numerically for each frequency in a spatial grid. The
single-atom dipole moments at the grid points are calculated
first and then are entered into Eq.s6d through the polarization
PnlsvH ,r ,zd. The output spectrum is calculated by adding up
the power spectrum at each transverse point at the exit of the

FIG. 1. sad The ionization probabilities of a helium atom in laser
fields with a time-dependent ellipticity. The laser pulse is formed by
the combination of a left- and a right-hand circularly polarized
pulse. Solid line: both circular pulses are 10 fs and the delay be-
tween them is 15 fs. The dotted line is obtained when the pulse
duration is 5 fs and the delay is 5 fs. The intensity att=0 is 1.4
31015 W/cm2. The carrier-envelope phase of the laser pulse is
p /2 rad. The high harmonics are generated within the time interval
between the two dashed lines.sbd The single-atom high-order har-
monic spectra. The dotted and the solid lines are the results ob-
tained with 5- and 10-fs laser pulses, respectively.
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target. To obtain the harmonic pulse in the time domain, a
square spectral window is applied to the harmonic spectrum
at each transverse point at the exit of the target, and inverse
Fourier transforms are performed to obtain the harmonic
pulse for that point. The pulses of all the points are summed
up to yield the final pulse intensity.

The duration of the circularly polarized laser pulses, 5 fs,
for forming the pulses with a time-dependent ellipticity is
chosen to avoid significant ionization of the helium atom by
the leading edge of the pulse. Figure 1sad shows the ioniza-
tion probabilities of the atom with 5- and 10-fs pulses calcu-
lated by the ADK theoryf18,19g. The laser intensities are the
same for both pulses at timet=0 fs where the laser is lin-
early polarized. The high harmonics are generated by elec-
trons freed at the time interval between the two dashed lines.
The ionization probability att=0 is 13.4% for the 5-fs pulses
that is much less than that with the 10-fs pulsess93.4%d. As
a result, the intensity of harmonics generated by the 5-fs
pulses is more than two orders of magnitude higher than that
produced by the 10-fs pulses, as shown by Fig. 1sbd. The
delay between the two 10-fs pulses is 15 fs, which was cho-
sen to yield a similar spectrum as that from the 5-fs lasers.
Decreasing the delay reduces the ionization but produces
more than one attosecond pulse when the propagation effects
are taken into account.

The lower ionization probability with the 5-fs lasers leads
to a longer coherent length for high-harmonic generation.
When the target gas pressure is 1.8 Torr, the coherent length
for the cutoff order, i.e., 160th, is 1.03 mm with the 5-fs
laser, which is almost the same as the target lengths1 mmd.
For the same harmonics, the coherent length is 0.148 mm
with the 10-fs laser pulses. The differences in the coherent
lengths introduce another factor of 45 difference in harmonic

intensity in favor of the 5-fs lasers, because the harmonic
intensity scales with the square of the coherent length. Thus,
it is clear that the shortest laser pulses should be used for
generating single attosecond pulses with a polarization gat-
ing.

The simulations of the three-dimensionals3Dd propaga-
tion of the laser and harmonic fields were done for only the
5-fs laser pulse. The transverse plasma density variation may
cause self-focusing to the laser beam, while the time-
dependent plasma density may introduce self-phase-
modulation to the laser pulse. These effects will be investi-
gated in detail in the future. The simulations in this work
ignore these plasma effects, which are valid for low target
gas pressures. The harmonic spectrum from the 3D propaga-
tion is different from the single-atom one, as shown in Fig.
2sad. We focus on the single-atom spectrum first. The inten-
sity of the single-atom spectrum generated by the 5-fs laser
is modulated throughout the plateau and the cutoff region.
With the increase of frequency, the separation of peaks de-
creases but the modulation depth increases. To understand
this spectral feature, a square window with a width of 33 eV
was applied to the harmonic spectrum in Fig. 2sad to select
sections of spectrum entered at several different harmonic
orders. These spectra were Fourier transformed to yield har-
monic pulses in the time domain. This technique allows us to
study the emission time of harmonics within the selected
spectral window. The results are shown in Fig. 2sbd. For
clarity of presentation, the pulse intensities are normalized. It
is clear that for plateau harmonics, two attosecond pulses are
emitted in the laser cycle aftert=0. For the cutoff order, the
two pulses overlap in time. Although the laser pulses have
many cycles, the fast change of ellipticity allows harmonic
generation only inone laser cycle. The harmonic emissions

FIG. 2. sad The high-order har-
monic spectra. The dotted and the
solid lines are the results of the
single-atom calculation and three-
dimensional simulations, respec-
tively. sbd The high-harmonic
pulses centered at different fre-
quencies emitted from a single
atom.t1 andt2 represent the short
and long trajectories, respectively.
The spectrum window is 33 eV.
scd The recombination time of the
electrons with short and long tra-
jectories. Recombination in other
laser cycles is suppressed by
the large ellipticity of the
field. sdd The pulses from the
three-dimensional propagation
simulations.
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in other laser cycles are suppressed by the large ellipticity of
the laser field. In fact, the single-atom spectrum resembles
that in f20g, where single-cycle, 2.4-fs, linearly polarized la-
ser pulses centered at 800 nm were used. For lower-order
harmonics, the ellipticity at the time when the second pulses
are generated is significantly larger than that of the first
pulses. This leads to the diminishing of the second pulses.

Since the ellipticity is small for the laser cycle aroundt
=0, it is expected that the harmonic generation process in
that cycle is similar to that occurring in a linearly polarized
laser field which has been studied extensivelyf21,22g. Just as
in a linear laser field, for a given central frequency the first
pulse corresponds to the short trajectoryslabeled byt1d and
the second one corresponds to the long trajectoryslabeled by
t2d. The modulation in the single-atom spectrum is the result
of interference between the two pulses. The intensity of the
second pulse diminishes with decrease of the central fre-
quency. This leads to a reduction of the modulation depth at
low harmonic orders. The modulation period increases with
the harmonic order because the pulse separation decreases.

To quantitatively compare the harmonic generation pro-
cess in the laser field with time-dependent ellipticity with
that in a linearly polarized laser field, the classical return
times of electrons with different energy gains in the laser
field with Exstd in Eq. s1d were calculatedfEystd=0 was as-
sumed, i.e., a linearly polarized fieldg. The energy gains cor-
respond to the generation of harmonics with the same center
frequencies as in Fig. 2sbd. The results are shown in Fig.

2scd. In the same figure, the quantum return times that do
take into account the effects ofEystd are also shown. The
quantum return times are the times of harmonic emission
shown in Fig. 2sbd. The good agreement between the classi-
cal and the quantum results indicates that harmonic genera-
tion process in the laser cycle aroundt=0 is very similar to
that in a linearly polarized field. Since this emission time is
different for harmonic pulses with different center frequen-
cies, the harmonic pulses are chirped. The pulses correspond-
ing to short trajectories are positively chirped, since the
emission time increases with the central frequency. Alterna-

FIG. 3. sad The phases andsbd the intensities of the high-
harmonic field at different radial positions of the exit plane.

FIG. 4. sad Comparison of the phases between the Sn filter and
the high-harmonic field at the center of the exit plane.sbd The
intensity of the high-harmonic spectrum andscd the shape of the
attosecond pulse after the Sn filter.
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tively, the pulses corresponding to the long trajectories are
negatively chirped because the emission time decreases with
the central frequency. Both the positive and negative chirps
are close to linear. Such chirp behavior is indeed similar to
the chirp of the harmonic pulses generated in a linear field
f22g. There is a one-quarter laser-cycle shift between the re-
sults in Fig. 2scd as compared to those inf22g, due to the
carrier-envelope phase beingp /4 for generating the spectra
in Fig. 2sad. In f22g, the phase is zero, as in the experiments
with 5-fs linearly polarized laser pulsesf7g.

When the whole plateau and cutoff spectra are used to
generate attosecond pulses, their durations are limited by the
chirp. It is very difficult to compensate for the positive and
negative chirp simultaneously. Luckily, harmonic emission
from the long trajectory can be suppressed by phase match-
ing during the propagation. The harmonic pulses obtained
including the effects of propagation are shown in Fig. 2sdd. It
is clear that only the emissions from the short trajectories
survived. The modulation depth of the 3D spectrum in Fig.
2sad is much smaller than in the single-atom case because the
interference does not occur with just one pulse. The remain-
ing pulses are positively chirped. The chirp is close to linear
because the emission time follows a straight line. Thus, it is
anticipated that the chirp can be compensated by an optical
device that introduces a negative chirp, in order to generate
transform-limited attosecond pulses. This method has been
proposed to compensate the chirp of attosecond pulses gen-
erated with linearly polarized laser fieldsf23g.

As have been pointed out by Kimet al., some filters ex-
hibit negative dispersion in the xuv regionf23g. Ideally, the
second- and higher-order phases of the filter should be the
opposite of the harmonic spectral phase. The harmonic spec-
tral phase varies with the radial position at the exit of the
target, as shown in Fig. 3sad. The linear phases are not in-
cluded in the figure because they do not affect the pulse
duration. The phases are dominated by the second-order
terms, indicated by the quasiparabolic shapes. This is consis-
tent with the quasilinear chirp in Fig. 2sdd. It is interesting
that for plateau harmonics, the differences between phases
for different axial points are small. Thus it is possible to
compensate the chirp for these points using only one filter.

The harmonic intensities also vary along the radial direction,
as shown in Fig. 3sbd. It is clear that the major contribution
comes from the region near thez axis. In Fig. 4sad, the on-
axis harmonic spectral phase is compared with the phase of a
Sn filter with 1mm thickness. For clarity, the sign of the Sn
phase is reversed. In the region between the 90th and 130th
harmonic orders, the two phases are very close. On the
lower-frequency sidesharmonic orders less than the 90thd,
the mismatch between the two phases is not a problem since
the intensity there is suppressed by the filter absorption, as
indicated by the filter transmission curve. The effects of mis-
match on the higher-frequency sidesharmonic order larger
than the 140thd can be reduced by setting the cutoff fre-
quency at the desired value. This is how the laser intensity
1.431015 W/cm2 is chosen. The harmonic spectrum after
the Sn filter is shown in Fig. 4sbd. It covers the region where
the chirp of the harmonics can be relatively well compen-
sated by the filter. The harmonic pulse after the filter is
shown in Fig. 4scd, which is 58 as. The pulse has wings at
the trailing edge, which is caused by phase variation for har-
monic orders higher than the 140th. Increasing the laser in-
tensity and filter thickness produces even shorter pulses, but
the contrast between the peak intensity and the wing is re-
duced. It is worth pointing out that both the on- and the
off-axis regions of the target are included in the simulation.
As a comparison the results inf23g were obtained with one-
dimensional propagation.

In conclusion, the chirp of the supercontinuum is almost
the same as that of the harmonics generated by a linearly
polarized field. The chirp is positive and close to linear. In a
restricted spectral region, the chirp can be compensated by
the material dispersion to yield single pulses as short as
58 as. The shortest pulse achievable is limited by mismatch
of the phases between the high harmonics and filters. The
generation of even shorter pulses calls for techniques that
can introduce negative chirp over an even wider spectral re-
gion.
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